TANNAKIAN DUALITY FOR ANDERSON-DRINFELD MOTIVES 
AND ALGEBRAIC INDEPENDENCE OF CARLITZ LOGARITHMS 
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Abstract. We develop a theory of Tannakian Galois groups for t-motives and 
relate this to the theory of Frobenius semilinear difference equations. We show 
that the transcendence degree of the period matrix associated to a given i-motive 
is equal to the dimension of its Galois group. Using this result we prove that 
Carlitz logarithms of algebraic functions that are linearly independent over the 
rational function field are algebraically independent. 
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1. Introduction 

1.1. Periods of t-motives. 

1.1.1. Notation. Let ¥ q be the field of q elements, where q is a power of a prime p. Let 
k := ¥ q (6), where 9 is transcendental over ¥ q , and define an absolute value | • | at the 
infinite place of k so that 1$!^ = q. Let k 100 := ¥ q ((l/6)) be the oo-adic completion of 
k, let koa be an algebraic closure, let K be the oo-adic completion of fcoo, and let k be 
the algebraic closure of k in K. 

1.1.2. Anderson t-motives. Let t be a variable over ¥ q that is independent from and 
let k[t; <x] be the ring of polynomials in t and u over k subject to the relations 

ct = tc, crt = tcr, crc = c 1 ^ q cr 1 c € k. 

An Anderson t-motive is a left k[t; er]-module M that is free and finitely generated as 
both a left fc[t]-module and as a left fc[er]-module and that satisfies (t — 8) n M C crM 
for all n sufficiently large (see ^3.4)1 . Anderson t-motives were originally defined in [2], 
where they were called "dual t-motives." 
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1.1.3. Rigid analytic triviality. We let T := K{t} be the Tate algebra of power series 
in K[i] that are convergent on the closed unit disk in K, and let L C K((t)) be its 
fraction field. Let E be the subring of T consisting of power series that are everywhere 
convergent and whose coefficients lie in a finite extension of fcoo . Finally, for a Laurent 
series / = £i a.fi G K((t)) and an integer n G Z, we set o-™(/) := /W := £ t af t\ 

If M is an Anderson t- motive and m G Mat rx i(M) has entries comprising a k[t] -basis 
of M, then there is a matrix $ G Mat r (fc[i]) representing multiplication by u on M so 
that 

crm = $m 

and det $ = c(t — 9) s for some c G k and s > 1. The Anderson t-motive is rigid 
analytically trivial (see Proposition I3.4.7[) if there is a matrix if? G GL r (T) so that 

It can be shown that the entries of \& are in fact in E (see Proposition 15 . 1 . 3]) . 

1.1.4. Connection with t-modules. The category of rigid analytically trivial Anderson 
t-motives is equivalent to the category of uniformizable abelian t-modules defined over 
k, as in pQ. For a given Anderson t-motive M and associated t-module E, there is an 
explicit connection 

periods of E < — ► ^-linear combinations of entries of , 5(#) _1 . 

The details of this relationship will be the subject of a future paper with Anderson, but 
examples are already seen in §3.31 for the Carlitz motive (see also S. K. Sinha [28l §5.2] 
for examples involving special values of the function field T- function). 

1.1.5. Remarks ont-motive terminology. G. Anderson introduced t- motives in [I]. Later 
in [2] dual t-motives, which had several technical advantages, were introduced. The al- 
gebraic properties of these two types of t-motives are essentially the same, and the 
two categories are anti-equivalent to each other. In this paper we will follow the dual 
t-motive point of view only, and throughout we refer to them as Anderson t-motives. 
In the following paragraph we discuss a third type of t-motive, defined properly in §3.41 
which are our primary objects of study. 

1.1.6. Tannakian category of t-motives. In £|3 .41 we show that the category of rigid 
analytically trivial Anderson t-motives up to isogeny embeds as a full subcategory of a 
neutral Tannakian category T over ¥ q (t). Objects in T are called simply t-motives, and 
throughout the paper the term "t-motive" will refer exclusively to an object in T. In 
particular, from this standpoint all t-motives are rigid analytically trivial. Also objects 
in T do not necessarily come from pure Anderson t- motives in the sense of Q~|, and so 
T is a mixed category. 

By Tannakian duality, for each object M in T, the Tannakian subcategory Tjf gen- 
erated by M satisfies an equivalence of categories 

T M ~Rep(r M ,F 9 (t)), 

where Rep(rjv/, E g (t)) is the category of finite dimensional representations over ¥ q (t) 
of some algebraic subgroup Tm C GL r defined over ¥ q (t) (see ^3.5[) . The group Tm is 
called the Galois group of M. 

It should be noted that R. Pink [23] has defined a category "K of mixed Hodge struc- 
tures for function fields that is a neutral Tannakian category over ¥ q (t). He showed that 
the category of rigid analytically trivial Anderson t-motives that are also "mixed" em- 
beds as a full subcategory of JC. It would be interesting to investigate the relationships 
among Pink's Hodge structures, the t-motives defined in this paper, and their associated 
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Galois groups. In the end our category of t-motives is best suited for our transcendence 
applications, so we do not pursue further here the connections with Pink's work. See 
also D. Goss [14] for additional comparisons between i-motives and motives over Q. 
The following is the main theorem of this paper (restated later as Theorem I5.2.2j) . 

Theorem 1.1.7. Let M be a t-motive, and let V m be its Galois group. Suppose that 
$ € GL r (k(t)) n Mat r (/c[t]) represents multiplication by cr on M and that dct $ = 

c(t — 9) s , c G k . Let \& be a rigid analytic trivialization of $ in GL r (T) n Mat r (E). 
Finally, let L be the subfield of fcoo generated over k by the entries of^>(8). Then 

tr. deg^ L = dimr M - 

1.1.8. Grothendieck's conjecture. In light of the statement of Theorem 1 1 . 1 . 71 can 

be thought of as a function field version of Grothendieck's conjecture on periods of 
algebraic varieties. For an abelian variety A over Q of dimension d, let P be the period 
matrix of A that represents an isomorphism between H 1 (A(C), Q)<8>qC and H^^A/C), 
with basis defined over Q. Grothendieck's conjecture is that 

tr. degQ Q(P) = dimMT(A), 

where MT(A) is the Mumford-Tate group of A and is an algebraic subgroup of GL 2( j x G m 
over Q. P. Deligne [Til Cor. 1.6.4] has proved that the dimension of MT(j4) is an upper 
bound for the transcendence degree. Conjecturally the Mumford-Tate group is isomor- 
phic to the motivic Galois group of the motive h\{A) © Q(l) over Q. More generally 
Grothendieck's period conjecture states that if X is a smooth variety over Q, then 

tr. dc g QQ(P(X)) =dimrr t , 

where P(X) is the period matrix of X and r^ ot is the motivic Galois group of X over Q. 
It should be pointed out that by work of C. Bertolin [5] many standard transcendence 
conjectures over Q, such as Schanuel's conjecture, follow from expanded versions of 
Grothendieck's period conjecture. 

1.2. Algebraic independence of Carlitz logarithms. One application of Theo- 
rem 11.1.71 is a characterization of algebraic relations over k of Carlitz logarithms of 
algebraic numbers. 

1.2.1. Carlitz exponential. The Carlitz exponential is the power series 

°° z ql 
ex Pc (z) := z + g ^ _0)(0,< -0q)...(09 i -e^- 1 )' 

As is well known (see [HI Ch. 3], [3TJ, §2.5]), the function defined by exp c converges 
everywhere on K, is F g -linear, and has kernel ¥ q [6] 7r, where 



The Carlitz exponential also satisfies the functional equation 

exp c (9z) — 8 exp c (z) + exp c (z) q , z£K. 

Moreover, this functional equation induces an exact sequence of F 9 [t]-modules, 

-> ¥g[9] n K -> £(K) -> 0, 

where £(K) is the F g [i]-module of K- valued points on the Carlitz module £ (see H3.4.4j) 
and where t acts by multiplication by 6 on the first two terms. The number tt is called 
the Carlitz period. 
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1.2.2. Carlitz logarithm. The Carlitz logarithm is the inverse of e~xjp c (z), 




V - 



which as a function on K converges for all z G K with \z\ < \9\ 
logarithm is F g -linear and satisfies the functional equation 

01og c (z) = log c (0.z) + log c (z«), 



The Carlitz 



for all z G K where all three terms converge. 

1.2.3. Linear forms in Carlitz logarithms. We recall a theorem of J. Yu. Suppose 
Ai, . . . , X r G K satisfy exp c (Ai) G k for each i = 1, . . . , r. As in the previous sec- 
tion there are many potential fc-linear relations among Ai, . . . , A r . However, Yu proved 
that these are the only possible linear relations over k in the following function field 
analogue of Baker's theorem on linear forms in logarithms. 



Theorem 1.2.4 (Yu [331 Thm. 4.3]). Suppose Xi, . . . ,X r el satisfy exp c (Ai) G k for 

i = 1, . . . , r. If Xi, . . . , A r are linearly independent over k, then the numbers 1, Ai, . . . , A r 
are linearly independent over k. 

Yu's result is an application of his far reaching Theorem of the Sub-f- module 33, 
Thm. 0.1], which characterizes all fc-linear relations among logarithms of points in k on 
general ^-modules. Transcendence results about the Carlitz periods and Carlitz loga- 
rithms go back to Carlitz and Wade in the 1940's. For detailed accounts of the history 
of transcendence results for Drinfeld modules, including Yu's theorem, see W. D. Brow- 
nawell [9] and D. S. Thakur 31, Ch. 10]. 

1.2.5. Algebraic independence of Carlitz logarithms. In characteristic 0, Baker's theo- 
rem on linear forms in natural logarithms of algebraic numbers is best known. In the 
situation of Carlitz logarithms we use Theorem 11.1.71 to prove the following theorem 
(restated later as Theorem 16.4. 2\i . 

Theorem 1.2.6. Let Ai,...,A r G IK satisfy exp c (Xi) £ k for each i — 1, ,..,r. 
If X\,...,X r are linearly independent over k, then they are algebraically independent 
over k. 

It should be noted that, using Mahler's method, L. Denis [12] has proved the special 
case of this theorem where Ai, .. . , A r are restricted to values of log c on elements of 
¥ q (9^ e ), e > 1, of degree in 6 less than q/(q-l). 

1.3. Methods of proof. 

1.3.1. a-semilinear difference equations. The category of i-motives is a certain full sub- 
category in the category of left k(t)[cr, cr _1 ]-modules which are finite dimensional as 
fc(i)-vector spaces. To every i-motive M one can associate a matrix $ £ GL r (k(t)) 
representing multiplication by a and a rigid analytic trivialization \E' G GL r (L) so that 
= $v]/. Here recall that L is the fraction field of the Tate algebra T. Thus the 
columns of 4" satisfy a system of u-semilinear difference equations in the sense of [23] , 
where a = (/ i— » f^ 1 ^) : L ^> L, and we develop the theory of such equations in this 
context in 2) In spirit this theory is close to the Galois theory of differential equations 
and difference equations in characteristic 0], [B], [TD], [2D], [53], [2S], [jZBJ. 

In <2]we develop the Picard-Vessiot theory for certain kinds of difference equations for 
a and construct their difference Galois groups (see Theorem 14. 2. lip . However, careful 
attention must be paid to the fact that the fixed field of a in k(t) is ¥ q (i). The Galois 
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theory of difference equations developed by M. van der Put and M. F. Singer [35] is 
quite useful here, but it does not completely apply because they fundamentally use that 
the field of fixed elements under the difference automorphism is algebraically closed. 
On the one hand, because the fixed field of a in L is also F g (t), the Galois groups we 
construct are themselves defined over V q (t). However, that ¥ q (t) is not algebraically 
closed nor even perfect presents several difficulties because in general the F g (i)-valued 
points of the Galois group need not be dense and the group itself need not be a priori 
smooth. 

1.3.2. t-motives and difference Galois groups. Given a i-motive M of dimension r over 
k(t), the difference Galois group T is a subgroup of GL r over ¥ q (t). Let E be the k(t)- 
subalgebra of L generated by the entries of \& and det(^) -1 , and let A be its fraction 
field. The field L is naturally a left k(t)[cr, <x _1 ]-module via the automorphism a, and 
E and A are both cx-invariant. Then 

T(F q (t)) = Aut„(E/fc(t)), 

where the right-hand side is the group of automorphisms of E over k{t) that commute 
with a. Moreover, this identification is compatible with base extensions of ¥ q (t) (see 

EMU- 

We work out an explicit description of r(F 9 (<)) in i )4.41 and, using crucially that L 
is a separable extension of k(t) and that k(t) is algebraically closed in A, we show that 
r has the following properties: 

• T is smooth over ¥ q (t) (Theorem gXHb)); 

• dimT = tr. deg I(t) A, (Theorem HXTfc)); 

• The elements of A fixed by r(F g (i)) are precisely k{t) (Theorem 14. 4.6p . 
These properties are essential for proving in Theorem 14.5.101 that 

r = r M , 

where Tm is the Galois group associated to M by Tannakian duality. 

1.3.3. The proof of Theorem \1.1.7\ The primary vehicle for proving this theorem is a 
fc-linear independence criterion from [5J Thm. 3.1.1]. It is stated here in Theorem 15. 1.11 
We apply this criterion to the rigid analytic trivializations of tensor powers of M so as 
to compare the dimensions of the fc-span of monomials of the entries of ^(0) of a given 
degree and the fc(i)-span of monomials in the entries of ^. Ultimately we show that 

tr. deg ¥ L = tr. deg I(t) A, 

the latter of which is the same as the dimension of T m- 

1.3.4. Carlitz logarithms. For oil, . . . , a r £ fc X with loiL < le^-V for i = l,...,r, 
we define a i-motive X so that the field generated over k by the entries of its rigid 
analytic trivialization 'J evaluated at t = is precisely 

L = fc(*(6>)) = k(n, log c (ai), . . . , log c (a r )). 

Moreover, we show that arbitrary logarithms are fc-linear combinations of logarithms 
of this form in a precise way. We determine a set of defining equations of the Galois 
group Tx of X in Theorem 16.3.21 each of which is a linear polynomial over k(t). These 
linear relations each produce a fc-linear relation on the logarithms and tt. We then use 
Theorem 1 1.1 .71 to show that all algebraic relations must arise from these relations. 
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2. Notation and preliminaries 

2.1. Table of symbols. 



R[x] 


= power series in x with coefficients in a ring R 




R((x)) 


= Laurent series in x with coefficients in a ring R 




R((x)) 


= generalized power series ring in x with coefficients 


in a ring R 




= finite field with q — p m elements 




k 


= F„(6*) = rational functions in the variable 8 over F„ 




= ¥g(ll/8)) — oo-adic completion of k 




T 


= algebraic closure of fcoo 




K 


= a fixed (q — l)-th root of —9 in koo 
— completion of k^ 




k 


= algebraic closure of k in K 




T 


= K{t} = ring of restricted power series; series in K[i 
on the closed unit disk \t\ < 1 


;] that converge 


L 


= fraction field of T 




M v 


= dual vector space of a vector space M 




Vec(F) 


— category of finite dimensional vector spaces over a 


field F 


Rep(r,F) 


= for a field F the category of finite dimensional F- 
of an affine group scheme T over F 


-representations 



2.2. Preliminaries. 

2.2.1. Norms. We let | • 1^ denote a fixed oo-adic norm on K. For a matrix E E 
Mat r xs(K), we set \E\ = sup|_E.y| . For matrices E and F, we observe that 
\ E + F \oo < ns*(\EL, \ F U and \EF\i < {E^ ■ {F^. 

2.2.2. Generalized power series. Let F be a field of characteristic p. For a formal series 
/ := X; iG q a-iV with ai e F, we let Supp(/) := {i G Q | a* ^ 0}. We let F((t)) be the set 
of such series for which Supp(/) is a well-ordered subset of Q. This condition implies 
that F((t)) is a field under the natural addition and multiplication of these series so 
that tH j = t l+j (see P. Ribenboim [H §2]). If F is algebraically closed, then F((t)) is 
algebraically closed [571 §5]- If F is a perfect field, then F((t)) is also perfect. 

It should be noted that, when F is algebraically closed, F((t)) is not the algebraic 
closure of the Laurent series field F((t)). For an explicit description of the field F((t)) C 
F((t)), the reader is directed to K. Kedlaya [TTj . 

By considering the inclusions 

F,(t) Qk(t) CKftJ CKftf, 
we fix once and for all the inclusions of algebraically closed fields 

WJtj c~kltjc C K((t}}. 
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2.2.3. Entire functions. A power series / = YliLo *= that satisfies 



and 

[fcoo(oO) Oil 02) ■ ■ ■) : fc oo] < OO, 

is an entire power series. As a function of t, such a power series / converges on all of 
K, and, when restricted to fcoo , / takes values in koo . The ring of entire power series is 
denoted E. 

2.2.4. Restricted Laurent series. A power series Y^Lo a $' *= K[t] that satisfies 

lim Iffliloo = °> 

i — >oo 

is called a restricted power series. As functions of t, these power series converge on the 
closed unit disk in K. The restricted power series form a subring T = K{t} of K[t], and 
E is a subring of T. The fraction field of T, denoted L, is the field of restricted Laurent 
series. 

Now at each point ad with |a| < 1, a function / € L has a well-defined order of 
vanishing ord a (/), and for all but finitely many |a| < 1, we have ord a (/) = 0. Also 
each / € L has a unique factorization 



(2.2.4.1) f = X 



Yl (t - a) ord °^ l + ^M l 

|aU<l J L i=l 



where / A £ K, sup < 1, and (6^ -> (see [U Cor. 2.2.4]). The series 

1 + bit 1 is a unit in T, and it follows that T is a principal ideal domain with maximal 
ideals generated by each t — a, < 1 (see [13l Thm. 2.2.9]). 
For / = J2iLo a it l e we define its norm ||/|| to be 

ll/H := suplail^ = maxla^. 

If / G T is written as in (|2.2.4.1[) . then ||/|| = lA^. The norm || • || is a complete 
ultrametric norm on T and satisfies 

llc/ll = IcL H/ll , VceK,/eT, 
ll/sll = 11/11 -IMI, V/, fl €T. 

2.2.5. Twisting. We define an automorphism a : K((t)) — > K((i)) by setting 



If / G K((i)) and n € Z, the n-fold twist of / is defined to be 

/ (n) ;= a -n (/)- 

The automorphism a of K((t)) induces automorphisms of several subrings, notably k[t], 
k(t), E, T, JL, Kit}, K((t)). Moreover, cr also leaves ¥ q (t), k(fj, L, and K((i)) invariant. 
If F is a subring of K((t)) that is invariant under cr, we set 

F a := {f e F \ cr(/) = /} 
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to be the elements of F fixed by a. ft is clear that F a is a subring of F and that 
F" 7 '™ C F CT " if m | n. For example, 

K«i)>" - F,«i)), I(If = F^if = F^i) n F,«i)), 
K((t))*=F,((t)), fc(t)"=F,(t). 

The only item that requires any explanation here is the description of k(t) . For 
a G fc(t) , let x m + b m -xX m ~ l + ■ ■ ■ + bo G k(t)[x] be the minimal polynomial of a over 
k(t). Since er(a) = a, we have that a is also a root of x m + cr(6 m _i)x m_1 + ■ ■ • + <r(&o)- 
Taking the difference of these two relations, we see that a(bi) = bi for each i, and so 
the minimal polynomial of a has coefficients in k(t) a = F g (t). 

If F is a matrix with entries in K((t)), then er~™(F) := F^ is defined by the rule 
(fW),. := (F^ n) ). If F € Mat rxs (L), we set ||F|| := max^Hi^H, in which case 

||^(n)|| = ||F|| 9 ". 

Lemma 2.2.6. For any a G K, there is a positive integer s so that with respect to \ ■ \ 
on K, 

fO _ ifHoo< 1 ! 
lim«H= c€Fg x ifkU = l, 
[oo if|a| 00 >l. 

Proof. If laloo 7^ 1) then the result is clear. Otherwise, there is a unique c G F* so 
that | a - c]^ < 1. (See [35J Lem. 2.4.4].) Then c <E F g3 for some s > 1, and the result 
follows. □ 



Lemma 2.2.7. For any / G T wii/i ||/|| < 1, i/iere is a positive integer s so that with 
respect to \\ ■ \\ on T, 

lim /H e f 3 [ t ], 

n — >oo 

Also ll/H = 1 if and oraZy i/lim n _».oo / (ns) 7^ 0. 

Proof. We use the factorization of / in (|2.2.4.ip . For each a, with |o| < 1, if ord a (/) 7^ 
0, then as in Lemma 12.2.61 choose s a > 1 and c a G ¥ q so that linin^oo 

a (ns a ) = 

Likewise, since ||/|| < 1, we have \X\ X < 1, and so we can choose s\ > 1 and c\ G ¥ q 
with A(" SA ) -> c A . Then we let s be the least common multiple of all the s a 's and s\. 
From (|2.2.4.1|) . with respect to || ■ ||, 



lim 



1 + J2 w 



since suplbj^ < 1. Therefore, 

lim = lim TT (i- a (» s )) ord " (/) = c A TT (t-cJ-M/), 

n^oo n— »oo XXV ' XX 



l«L<i 



l«L<i 



which is in ¥ q [t]. Furthermore, ||/|| = 1 if and only if |A| = 1, which holds if and only 
if c A + 0. Thus 11/11 = 1 if and only if lim JWOO f ns "> ^ 0. □ 
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3. t-MOTIVES AND TANNAKIAN CATEGORIES 



Here we will define a category T of i-motives that is a neutral Tannakian category 
over ¥ q (t). For all definitions of tensor categories and Tannakian categories, we follow 
Deligne and J. S. Milne [TQ §11]. Other useful references include [8], [10], O App. B]. 

As mentioned in £11.1.61 Tannakian categories for i-motives have been considered 
previously by Pink [23 , though through a different construction. Parts of the theory 
of i-motives defined below have been considered by Y. Taguchi [29] and A. Tamagawa 
[3"U] in their study of the Tate conjecture for i-modules. Also our theory has similarities 
with the theory of er-bundles defined by U. Hartl and Pink [TB] . 

3.1. The rings k[t;a] and k(t)[a, er -1 ]. 

3.1.1. Definition. The ring k(t)[(T, cr~ l ] is the noncommutative ring of Laurent polyno- 
mials in the variable er with coefficients in k(t), subject to the relation 



for all / £ k(t). Thus every element of fc(t)[er, a 1 ] has the form J2iL- m fi crt ' where 



3.1.2. Ring-theoretic properties. The polynomials in er with coefficients in k[t] comprise 
the subring fc[i;er] of k(t)[cr, er -1 ]. The ring k[cr] is the subring of polynomials with 
coefficients in k. Both fc[i;er] and k(t)[cr, er -1 ] are domains. The center of /c[i;er] is 
F 9 [t], and the center of k(t)[cr, er -1 ] is F g (i). The fundamental properties of the ring 
k[t. er] are covered in [5J §4]. 

3.2. Pre-i-motives. Here we define the category CP of pre-i-motives and explore its 
basic properties. In particular we show in Theorem 13.2.131 that CP is a rigid abelian 
F 9 (i)-linear tensor category. 

3.2.1. The category CP. We let CP be the category of left k(t)[cr, er -1 ] -modules that are 
finite dimensional over k(t). Morphisms in CP are left k(t)[cr, er _1 ]-module homomor- 
phisms. We call CP the category of pre-t-motives, though it is worth noting that CP is a 
category of difference modules with respect to the automorphism a : k(t) — > k(t) in the 
sense of [25] , 

3.2.2. Preliminary properties off . The category of pre-t-motives is an abelian category. 
For two objects P and Q in CP, it follows that Homy(P, Q) is an F 9 (£)-vector space. A 
straightforward adaptation of the proof of lj Thm. 2] shows that the map 



is injective. Thus Homy (P, Q) is a finite dimensional F g (t)-vector space. 

3.2.3. Representations oj ' pre-t -motives. Given a fc(t)-vector space P andpi, . . . ,p r € P, 
we call the vector 



<Tf = a(f)<T = f(-V<T 



fi G k(t). 



Hom T (P, Q) ® Vt{t) k(t) -» Hom I(t) (P, Q) 



Pi 



P = 



£ Mat rX i(P) 



Pr 



a basis for P if p\ , 
a unique matrix $ 



. ,p r form a fc(£)-basis for P. If P is a pre-i-motive, then there is 
$p S GL r (k(t)) such that 

erp = $p. 



10 



MATTHEW A. PAPANIKOLAS 



We say that $ represents multiplication by cr on P. Moreover, the matrix <E> € GL r (fc(i)) 
uniquely determines the left k(t)[cr, cr _1 ]-module structure on P with respect to p. 

Now suppose that (f> : P — > Q is a morphism of pre-i- motives and that p G Mat rx i (P) 
and q g Mat sX i(Q) are bases for P and Q respectively. If B S Mat rxs (fe(i)) represents 
as a map of k(t)-vectov spaces such that 

4>{f -p) =f -Pq, f S Mati xr (fc(t)), 

then 

P (_1) $q = $pP- 

In particular, if q is simply another basis of P, and B £ GL r (fc(t)) is the change of 
basis matrix, then $ p = p( _1 )$ q P _1 . 

3.2.4. Tensor products of pre-t-motives. Let P and Q be pre-i-motives. Then the 
vector space P <8>k(t) Q is made into a k(t)[cr, <r _1 ]-module by defining 

cr(m (g) n) := (erm) ® (em). 

It is clear that then multiplication by cr is bijective on P ®-^u\ Q and that P ®k(t) Q 
is a pre-i-motive. Likewise we define arbitrary finite tensor products of pre-i-motives 
with diagonal er-action. For a fixed pre-i-motive P and n > 1, we set P®" := (^)™ =1 P 
to be the n-th tensor power of P. 

3.2.5. Representations of tensor products. Let p = [pi, . . . ,p r ] tr and q = [qi, . . . , q s ] tT 
be k(t)-b&ses for pre-i-motives P and Q respectively. Then, with respect to the basis 

p® q := [pi ® gi,pi ® g 2 , ■ ■ ■ ,Pr ® g s ] tr , 

on P ® Q, the Kronecker product, <&p® q = <I>p ® $ q , represents multiplication by cr 
on P <g> Q. Similarly these conventions extend to arbitrary finite tensor products of 
pre-i-motives. 

3.2.6. The Carlitz motive. We define the Carlitz motive to be the pre-i-motive C whose 
underlying £;(t)-vector space is k(t) itself and on which cr acts by 

<rf:={t-e)ft- l \ feC. 

For n > 1, the underlying fe(t)-vector space of C®" is also k(t), and multiplication by 
cr on C® n is given by 

cr f = {t - 6) n f { ~ l \ feC® 71 . 

See also |3]. 

3.2.7. Internal Horn. Let P and Q be pre-i-motives, and set 

R:=Rom m (P,Q). 

Then R is a A:(t)-vector space. We define a k(t)[cr, cr _1 ]-module structure on R by 
setting 

cr • p := cr o p o er^ 1 , p e R. 

It is straightforward to check that cr • p : P — > Q is fc(t)-linear, and so cr : P — > P, and 
that this action of cr extends naturally to a left fc(t)[er, cr _1 ]-module structure on P. We 
write Hom(P, Q) for the &(i)[er, er _1 ]-module P just defined. It is also a pre-i-motive. 
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3.2.8. Identity object. Let 1 := k{t) together with a cr-action defined by 

erf = a{f) = /el. 

Then 1 is a pre- 1- motive. Moreover, for any pre-i-motive P, the natural isomorphisms, 
P(g)l = l(g)P — P, are isomorphisms of pre-i-motives. Thus 1 is an identity object 
with respect to tensor products in 7. 

Lemma 3.2.9. Endy(l) = ¥ q (t). 

Proof. Suppose : 1 ^ 1 is a morphism in 7. As a map of fc(i)-vector spaces, there is 
some a G k(t) so that </>(/) = af for all / 6 k(t). Since </> is also k(t)[cr, cr~ 1 ]-linear, we 
must have era = acr, and so a is in the center of k(t)[cr, o --1 ]. Thus a G ¥ q (t). □ 

3.2.10. Duals. Let P be a pre-i-motive. Then set 

P v := Hom(P,l). 

The pre-i-motive P v is called the dual of P. As a /c(i)-vector space, P v is the dual 
vector space of P. If p forms a basis for P, let p v be the dual basis. We find easily 
that 

<v = 

If <fi : P — > Q is a morphism of pre-i-motives, then the dual morphism of /c(i)-vector 
spaces, <fi v : Q v — > P v , is also fc(t)[er, cr _1 ]dinear. These constructions are functorial in 
P and Q, and thus P P v : 7 — > 7 defines a contravariant F g (t)-linear functor. 

3.2.11. Pmo/ o/ i/ie Carlitz motive. Using the definition of the Carlitz motive in £13.2.61 
we see that C v is isomorphic to k(t) as a fc(i)-vector space and that 

<rf = j^- e -f { - 1 \ feC^(=k(t)). 

Furthermore, we see that C v (8) C = 1 and that C is an invertible object in 7. Thus 
the functor 

P^P®C :7^7 
is an equivalence of categories. We define for n € Z, 

f C®« if n > 0, 

C(rc) := i 1 if n = 0, 

((C v )®-" ifn<0. 

3.2.12. Rigid abelian tensor category. In the language of [111 §11.1], it is easily shown 
that the category of pre-i-motives is an abelian F g (i)-linear tensor category. We omit 
the details, but we observe that 

• each Hom3>(P, Q) is a finite dimensional vector space over ¥ q (t); 

• ® is compatibly associative and commutative; 

• ® is F^(i)-bilinear; 

• 1 is an identity object with respect to tensor products. 
Furthermore, it is straightforward to check that 

• the pre-i-motive Hom(P, Q) defines an internal Horn in 7 that is compatible 
with tensor products; 

• for each pre-i-motive P, there is a natural isomorphism P = P vv . 
Therefore, 7 is also rigid. We record this information in the following theorem. 

Theorem 3.2.13. The category 7 of pre-t-motives is a rigid abelian ¥ q (t)-linear tensor 
category. 
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3.3. Rigid analytic triviality. 

3.3.1. The category 31. Let P be a pre-i-motive. We set 

and give P^ a left k(t)[cr, er _1 ]-module structure by setting 

er(f ® m) := <g) crm. 

Let 

p b ;= (pt) - = {/i e | cr/i = M }. 

Then P B is an F g (i)-vector space, and P i— > P B is a covariant functor from T to the cat- 
egory of F g (t)-vector spaces. (The "B" in P B stands for "Bctti.") It is straightforward 
to check that P t— ► P B is left exact. 

We say that P is rigid analytically trivial if the natural map 

is an isomorphism. If P = Q as pre-i-motives and P is rigid analytically trivial, then 
so is Q. We let 3£ denote the strictly full subcategory of 3 whose objects are the rigid 
analytically trivial pre-i-motives. Clearly the zero object is rigid analytically trivial, and 
so "R is non-empty. We shall see momentarily that 1 and C are also rigid analytically 
trivial. 

Lemma 3.3.2. We have h a = ¥ q (t) . 

Proof. By definition, for / e If we have / = /, and so by (12.2.4. ip the polar divisor 
D of / on the closed unit disk in K must also satisfy £K -1 ) = D. Therefore D is the 
divisor of zeros of a polynomial c in ¥ q [i\. Then cf € T, and (c/)^ 1 ) = c/, from which 
wehavec/£TnF g [t]=F,[t]. □ 

Proposition 3.3.3. The pre-t-motive 1 is rigid analytically trivial. 

Proof. It is clear that it = L with erf := f^ 1 ' for / 6 L. Therefore, by Lemma T3. 3. 21 
1 B = h a = ¥ q (t). Thus L <K> Fg (t) 1 B ^ 1L □ 

3.3.4. TTie power series fi. Consider the power series 

oo 

n = a(t) := C^n^-*/^) e MOOM c K[t]. 

i=l 

It is not difficult to show that f2(i) has an infinite radius of convergence, and so £1 £ 
ECT. Since Jl has infinitely many zeros in K, it follows that Jl ^ K(t). Since £1 has 
no zeros inside the unit disk, it follows that £1 £ T x . It also satisfies the functional 
equation 

= (i-0)fi. 

The number 

1 Zrf „ n 



n(f) 

is the Carlitz period, which figures prominently in our transcendence considerations 
later on (see also [1 Cor. 5.2.8], [HI §3.2], [3TJ §2.5]). 

Lemma 3.3.5. Suppose f £ L satisfies (t — 9) n f^ 1 ^ = f for some n 6 Z. TTien 
/ = c/Q™ /or some c G F,(t). 

Proof. Let c = /O n . Then c satisfies c^ 1 ^ = c, and so by Lemma r3.3.2[ c £ F q (i). □ 
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Proposition 3.3.6. The Carlitz motive C is rigid analytically trivial. 

Proof. We see that C t = L with af = (t - e)f^ 1 '> for / E L. Therefore, by 
Lemma 13.3,51 

C B = {feh | (t-8)f(-v = f} = ^- F,(t). 

Therefore L ® ¥q{t) C B = &. □ 

Lemma 3.3.7. Let P be a pre-t-motive, and let fii, . . . , fi m E P B . If fix, . . . ,/j, m are 
linearly independent over¥ q (t), then they are linearly independent over L in Pt. 

Proof. Suppose that m > 2 is minimal such that fii , . . . , [i m are linearly independent 
over F g (t) but that X^i=i /iMi = 0, with /,eL, /i = 1. Now, 

m rn 
i=l i=l 

Therefore, $^L 2 (/» — /» )M» = 0- By the minimality of m and Lemma 13.3.21 each /j 
is in F 9 (i). However, this violates the F g (i)-linear independence of fii, . . . , /x m . □ 

Proposition 3.3.8. If P is a pre-t-motive, then dim^^) P B < dim^^ P. Equality 
holds if and only if P is rigid analytically trivial. 

Proof. From Lemma T3.3.71 the map L ®f m P B —> P^ is injective. The inequality in 
the statement of the proposition follows from the equality dim^^ P = dim^ P^ . By the 
definition of rigid analytic triviality, equality holds if and only if the map above is also 
surjective. □ 

Proposition 3.3.9. Suppose that P is a pre-t-motive and that $ represents multipli- 
cation by cr on P with respect to the basis p of P. 

(a) P is rigid analytically trivial if and only if there is a matrix ^ E GL r (L) 
satisfying 

Such a matrix \& is called a rigid analytic trivialization of $ ( cf. [TJ Thm. 5] , 
Lem. 4.4.13]j. 

(b) If ^> is a rigid analytic trivialization of $, then the entries of ^>~ 1 p form an 
¥ q {t)-basis for P B . 

(c) If P is rigid analytically trivial, <£> 6 Mat r (fc[t]) ; and det(4>) = d(t — 6) s for 
some s > and d E k , then there is a rigid analytic trivialization ^ of $ with 

$eGL r (T). 

Proof. The proofs of parts (a) and (b) are essentially the same as the proof of [H 
Lem. 4.4.13] with minor modifications. We provide a sketch for completeness, ((a) <=; 
(b)): Certainly if we have such a 'J, then the entries of \l/ _1 p are both an L-basis of Pt 
and also an Fg(i)-linearly independent set in P B . By Proposition 13.3.81 the entries of 
5' _1 p must be an F 9 (t)-basis of P B , and thus P is rigid analytically trivial, ((a) =>): 
On the other hand, if P is rigid analytically trivial, then there is a matrix G E GL r (L) 
so that the entries of Op are both an L-basis of P^ and an F g (t)-basis of P B . Setting 
:= O -1 gives the desired matrix. 

For part (c), we first let P be the fc[t]-span of the entries of p, and set 
pt : = T %[tl P > pB : = it 1 e P f | (Tfi = /i}. 
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For /i G P , write /i = X = f ' P with f G Mati Xr 0L). Wc claim that for some 
c G F g [t], we have c^e P B . Let den(f) G K[t] denote the monic least common multiple 
of the denominators of f, which is well-defined by (|2.2.4.1|) . Then since cr/i = /i, we 
have 

f p = er(f p) =f(- x ) . $p. 

Therefore, den(f) = den(f(" 1 ) • $). But $ G Mat r (fc[t]), so den^ 1 ) • $) divides 
den(f( -1 )). Degree considerations force den(f) = den(f( -1 )). Therefore take c = 
den(f) G F q [t]. This proves the claim, and moreover we have shown that 

P B =W q (t) ®g t[t] P B . 

Furthermore, it follows that as L- vector spaces, pt = L ®t P^ = L ®w q [t] P B - Let v — 
. . ., ^ r ] tr be an FJiJ-basis for P B . Then for some 6 G GL r (L) n Mat r (T), we have 
v = 9p. Since cru = u, it follows that 8^ _1 ^$ = 9. By our initial hypotheses, d(t — 
6>) s det(9)(- 1 ) = det(9). Choose b G k* so that d = b^/b. Then from Lemmas^X! 
and 13.3.51 fand the fact that 9 G Mat r (T)), we see that 

6det(9) = ^ J) 7 eFJt]. 

We claim that 7 G F*. If not, then det(9) = (mod 7) in T, and so there is a 
f=[/i,...,/ r ]€Mat lxr (T) so that 

f • 9 = (mod 7). 

Since T/7T = K[t]/ 7 K[t], without loss of generality we can assume that each fa is a 
polynomial in K[t] of degree strictly less than the degree of 7, that ||/j|| < 1 for all i, 
and that at least one fi satisfies ||/,*|| = 1. Now define a norm || ■ \\^ on P^ by 



sup||/ii||, h 1: . . . , h r G T. 



Then || • |L defines a complete ultrametic norm on P' that satisfies 

IIMIt = IN • IHIt ' heT > ^ ept - 

Consider 

f.9 (_1) $ = f -9 = (mod 7). 
Since 7 is relatively prime to det($), it follows that $ is invertible modulo 7, and so 

f-9 ( - 1} =0 (mod 7). 

Repeating this argument we find that f • 9' - ™- 1 = (mod 7) for all n > 0. Now, by 
choice of f , 

if v = if 9 pG P f , 

7 7 

and for each n, the above congruences for f -9^™) imply that 7~ 1 f(")-i/ = 7~ 1 f(")-9-p G 
P^. Now by Lemma \2. 2. 71 there is an m > so that with respect to the || • |L metric, 



lim 

n — >oo 7 



i^/^l^GPt, 



where Cj G ¥ q [t] and at least one q ^ 0, say c a 7^ 0. Now for some I > 1, we have every 
Cj G ¥ q i [t] . Since the trace map F^i — -> ¥ q is not trivial, by dividing each Cj by a fixed 
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element in , we can assume that c a + ci ^ + • • • + ci 1 l ' ^ 0. Therefore, 

j=a v ' i=i 7 ' i=i v j=o 7 

Thus we obtain /j, := 7 — 1 eJ,-z/j G P^, S F g [i], d a ^ 0. Easily we see that \x G P B 
and /i ^ 0. Since deg/i < deg7 for each i, we have degdj < deg7 for each i. In 
particular, 7 does not divide d a . Thus \i € P B but /i is not in the F g [i]-span of f, which 
contradicts that v is an F 9 [t]-basis of P B . Therefore, it follows that 7 G F*, and since 
SI G T x , we have det(0) G T x . Taking W = _1 provides the desired rigid analytic 
trivialization. □ 



3.3.10. Remark. It is worth noting that multiplication by induces the isomorphism 
of L- vector spaces, 

L® T P t =L®t (T <%,[*] P B ). 
Since 9 G GL r (T), this then implies P^ = T<£>F,[t] P B as T- modules. 
Proposition 3.3.11. Let 

0^ P ->Q -► R^Q 
be an exact sequence of pre-t-motives. 

(a) If Q is rigid analytically trivial, then both P and R are rigid analytically trivial. 

(b) If P , Q, and R are rigid analytically trivial, then the sequence 

^ P B -^Q B -► R B -► 

is an exact sequence of ¥ q (t) -vector spaces. 

Proof. The sequence — > P B — > Q B — > i? B is exact. Now suppose that Q is rigid 
analytically trivial. Let k : L ®f m Q B — ► L (g) F ( t ) i? B be the natural map. Then we 
have a commutative diagram with exact rows, 

L ® Wq(t) P B L ® Fg(t) Q B s> im(«) ^ 

i 

»- pt Qt ^ R 1 0, 

where the central vertical map is an isomorphism by hypothesis, and the other two are 
injective by Lemma I3.3.71 The injectivity of all three maps then implies that each is 
an isomorphism. Thus we see immediately that P is rigid analytically trivial. Also we 
see that 

dim F? ( t ) R B = dim L L <g> Fq (t) R B > dim L im(re) = dim L i? T = dim^ R, 

which by Proposition 13. 3. 8l must be a string of equalities. Therefore R is rigid analyti- 
cally trivial, which completes part (a). 

Now suppose that P, Q, and R are all rigid analytically trivial. Then 

dim F<j(t) Q B = dim I(t) Q = dim I(t) P + dim I(t) R = dim Fg(t) P B + dim Fq(t) R B , 
which proves part (b). □ 
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3.3.12. Remark. In particular, it follows from Proposition 13 . 3 . lTl that kernels and cok- 
ernels exist in ft, which implies that ft is an abelian F g (t)-linear category. We also see 
that 

P-> P B :ft-> Vec(F,(t)), 

where Vec(¥ q (t)) is the category of finite dimensional vector spaces over ¥ q (t), is an 
exact F g (i)-linear functor. 

Proposition 3.3.13. Let P and Q be rigid analytically trivial pre-t -motives. Then the 
natural map 

Hom^P, Q) Hom Fg(t) (P B , Q B ) 

is injective. 

Proof. Suppose <j) : P — > Q is a morphism in Hom^P, Q). Then we have an exact 
sequence in ft, 

-> ker0 -> P -t Q -► Q/<j>{P) -► 0, 
which leads then to an exact sequence of F g (i)-vector spaces, 

-> (kcr</>) B -> P B £ Q B (Q/0(P)) B -> 0. 

Since the dimension over fc(i) of each term in the first sequence is the same as the 
dimension over F g (t) of the corresponding term in the second sequence, we see that 
B = if and only if (j> = 0. □ 

Proposition 3.3.14. If pre-t-motives P and Q are rigid analytically trivial, then 

(a) P®Q is rigid analytically trivial, and the natural map P B ®w q (t)Q B ~~ * (P&Q) B 
is an isomorphism of ¥ q (t) -vector spaces; 

(b) P v is rigid analytically trivial, and the natural map (p B y (p v ) b is an 
isomorphism of ¥ q (t) -vector spaces. 

Proof. Here we make use of Proposition 13.3.91 We first note that 

(P <g> Q) f = L <% (t) (P % (t) Q) S (L <% (t) P) ® L (L % (t) Q) = P f ® L Qt, 

where the middle isomorphism is an isomorphism of L-vector spaces that commutes 
with the action of er. We observe that we can choose fc(£)-bases for P, Q, and P <S> Q 
so that multiplication by <x is represented by matrices $p, <J>q, and ^p^q satisfying 

By Proposition 13.3.91 we can choose 'J'p, "Jq G GL r (L) that are rigid analytic trivi- 
alizations of <I>p and $q. Then we note that ^p®q := VPp ® is a rigid analytic 
trivialization of $>p<g,Q. Now note that <i>pv := (C'p 1 )* 1 ' represents multiplication by cr 
with respect to the dual basis and that ^ P := (Stp ) tr is a rigid analytic trivialization. 
The second parts of (a) and (b) are straightforward. □ 

Theorem 3.3.15. The category ft of rigid analytically trivial pre-t-motives is a neutral 
Tannakian category over ¥ q (t) with fiber functor P i-> P B : ft -> Vec(F 9 (i)). 

Proof. We have seen that 

• 1 is in ft (Proposition 13. 3. 3")) ; 

• ft is an abelian category (Proposition 13.3.111 and £13.3. 12[) ; 

• ft is closed under tensor products and duals ( Proposition 13.3. HI . 

Thus ft is a rigid abelian F g (t)-linear tensor subcategory of ft (see [TTJ Defs. ILL 14-15]). 
We have also shown that 
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• Enda(l) = F„(i) (Lemma ; 

• For each P in 3?, the F g (t)-vector space P B is finite dimensional (Proposi- 
tion [3X8]); 

• Ph P b is F g (t)-linear and exact fProposition 13.3. i~Tl and ^3.3. 12|) ; 

• P h P B is faithful (Proposition 13JU3J) ; 

i Ph P b is a tensor functor (Proposition 13. 3. 14]) . 

Thus 31 is a neutral Tannakian category over F q (t) with fiber functor P i— > P B (see [TTJ 
Def. II.2.19]). □ 

3.4. Anderson t-motives. Here we recall the definitions and essential properties of 
"dual t-motives" from [2]. So as not to confuse these objects with the duals of t- motives 
to be used later on, we call these objects Anderson t-motives, since they are simply the 
dual notion of the objects studied in [I]. 

3.4.1. Definition. An Anderson t-motive M is a left k[t; er]-module such that 

• M is free and finitely generated over k[t); 

• M is free and finitely generated over k[tr]; 

• (t - 0)"M C crM for all n > 0. 

A morphism of Anderson i-motives is a left k[t; cr]-module homomorphism. In this way 
Anderson t-motives form a category. 

As in §3.2.3[ if m £ Mat rx i(M) is a fc[t]-module basis for M, then there is a matrix 
$ = 5> m e Mat rX i (&[*]) so that 

<xm = $m. 

Since a power of t — 8 annihilates M/crM, we have 

det $ = c(t - 9) s 
for some c 6 fc , where s is the rank of M as a A:[<r]-module. 

3.4.2. Anderson t-motives to pre-t-motives. Given an Anderson t-motive M we obtain 
a pre-t-motive M by setting 

M := k(t) % [t] M 

and defining 

tr(f (g) to) := / ( ~ :) (g) am. 

It is straightforward to check that M is a left k(t) [tr, <r _1 ]-module, and it is of course 
finite dimensional as a fc(t)-vector space. Moreover, M i— > M is a functor from the 
category of Anderson t-motives to the category of pre-t-motives. 

3.4.3. The Carlitz motive. Let C be the Anderson t-motive whose underlying k[t\- 
module is k[t] itself. Then the action of cr on C is defined by 

<r{f) = {t-6)f(- 1 \ feC. 

It is not difficult to check that C is an Anderson t-motive, and that its image in 3 is 
the Carlitz motive. For any n > 1, we also have the n-th tensor power of C, 

C(n) := C % [t] • • • ®j [t] C, 

with diagonal er-action. It is an Anderson t-motive sent to C(n) in 7. 



18 



MATTHEW A. PAPANIKOLAS 



3.4.4. The Carlitz module. The Carlitz module € over k is defined to be the F 9 -algcbra 
k together with an F g [i]-module structure defined by 

<t t (x) := 9x + x q , x G k. 

That is the F g -algebra homomorphism a i— > € a : ¥ q [t] — > ^[er^ 1 ] defined by 1 1— > + cr -1 
induces an F g [f]-module structure on k. See [15j Ch. 3] or [3lJ §2.5] for more details. 
To see the relationship with the Carlitz motive, we note that there is an isomorphism 

£ ® - T-^r 
(a - 1)C 

of F g [t]-modules. Indeed if x G k, then 

tx = 6x+(t- 9)x = 9x + a(x q ) = Ox + x q + (cr - l)x 9 . 

Similarly ax = € a (x) (mod cr — 1) for all a G F g [<]. It is a simple matter to check that 
there is a natural isomorphism of F g -vector spaces C/(er — 1)C = k. Thus C/(er — 1)C 
presents the Carlitz module directly. 

Proposition 3.4.5. For Anderson t-motives M and IM, the natural map 

H° m fc[ t ; CT ](M, N) ® K(f[t] F,(i) Homy (A/, iV) 
is an isomorphism of ¥ q (t) -vector spaces. 

Proof. Let 9 denote the map in question. It is clearly F g (£)-linear. To see that it is 
injective, we first observe that if a £ Hom^.^ (M, N) (E>F,[t] F g (i) then a = (f> <g> i, for 
some € Hom^ [t . CT] (M, N) and u G ¥ q [t], v 6. Then u8(a) = 8(ua) = 8(<£<g) 1) =: </>. 
But 

e Hom I[ t;CT ]( M > N ) ^ Hom^M, N), 
^ G Hom^^-xjCM.iVO C Hom^M, AO, 
and so = if and only if = 0. Thus 8(a) = if and only if a = 0. 

For surjectivity, suppose that G Homy(M, TV). Fix fc[i]-bases m and n for M and N 
respectively, and extend these to bases m and n of M and N. Then the map (j> : M —> N 
is represented by a matrix F G Mat rxs so that F( _1 )<I> n = <& m F as in i)3.2.3l By 
choice of m and n, $ m and $ n have entries in k[t], and it suffices to show that F has 
entries with denominators in ¥ q [t]. 

For a matrix _B with entries in k(t), let den(£?) G k[t] be the monic least common 
multiple of the denominators of the entries of B. Since det($ n ) = c(t — 9) s for some 

s > and c G fe X , we see that 

den(F)(t-6») s -F^ 1 ) = dcn(F)(t - 9) s ■ $ m F fc" 1 G Mat rXs (&[*]). 

Therefore, den(F(- x )) divides den(F)(t-6>) s . However, den^" 1 )) = den(F)(- 1 ) and so 
deg(den(F( -1 ))) = deg(den(F)). Thus, it suffices to show that den(F( -1 )) is relatively 
prime to t — 9, since then den(F)( _1 ) = den(F) whence all of the denominators of F 
are in ¥ q [t]. 

Suppose that t - 9 divides den^" 1 )), and so t - 9 q divides den(F). Then t - 9 q 
divides den(<I> m F), because otherwise t — 9 q would divide det($ m ) which is a power of 
t — 9. Likewise, t — 9 q divides den(<i> m F<i> rl 1 ) = den(F( -1 )). By repeating the same 
argument we see that den(F' -1 )) is divisible by each of 

t-9,t~9 q ,t-9 q \... 

contradicting that den(F(~ 1) ) G k[t]. □ 
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3.4.6. Rigid analytic triviality. Similar to i)3.3.1[ if M is an Anderson i-motive, then we 
set 

Mt : =T% [t] M. 

We provide with a k[t; cr]-module structure by setting <r(f ® m) — Z*-" 1 -* ® am, and 
we set 

M B := (M t ) CT = e Mt | a-fi = fj,}. 
We say that M is rigid analytically trivial if the natural map T (gip w M B — > is an 
isomorphism. The following proposition is a companion to Proposition 13 . 3 .91 

Proposition 3.4.7. Let M fee an Anderson t-motive, and let M be its corresponding 
pre-t-motive. Suppose m G Mat rx i(M) is a fc[t]-6asis /or M, and let <J> € Mat rx i(A?[i]) 
represent multiplication by cr on M wt/i respect to m. 

(a) M is rigid analytically trivial if and only if it admits a rigid analytic trivialization 
* with # € GL r (T). 

(b) If ^ £ GL r (T) is a rigid analytic trivialization o/<£>, t/ien t/ie entries of '§~ 1 m 
form an ¥ q [t]-basis of M B . 

(c) M is rigid analytically trivial if and only if M is rigid analytically trivial. 

Proof. The proofs of parts (a) and (b) are in [21 Lem. 4.4.13] and follow the same 
lines as their counterparts in Proposition 13.3.91 Part (c) is then a consequence of 
Proposition 13. 3. 9f c). □ 

3.4.8. Definition. We define the category A 1 of Anderson t-motives up to isogeny as 
follows: 

• Objects of A 1 : Anderson t-motives; 

• Morphisms of A 1 : For Anderson t-motives M and N, 

Hom ylI (M, N) := Hom I[f;CT] (M, N) ® ¥q[t] F,(i). 

We also define the full subcategory A'R 1 of rigid analytically trivial Anderson t-motives 
up to isogeny by restriction. We sum up the results of this section in the following 
theorem. 

Theorem 3.4.9. Let J 1 be the category of pre-t-motives, and let H be the category of 
rigid analytically trivial pre-t-motives. 

(a) The functor M i-> M : A 1 -> 7 is fully faithful. 

(b) The functor M i-> M : AR 1 31 is fully faithful. 

Proof. Part (a) is simply a restatement of Proposition 13.4.51 That the functor in part 
(b) is well-defined follows from Proposition l3.4.7l c') , and its full faithfulness follows from 
Proposition 13.4.51 □ 

3.4.10. The category T. We define the category T of t-motives to be the strictly full 
Tannakian subcategory of 3? generated by the essential image of the functor 

MhM: AR 1 -> 31. 

The category of t-motives can further be described as follows: 

• Objects of T: rigid analytically trivial pre-t-motives that can be constructed 
from Anderson t-motives using direct sums, subquotients, tensor products, du- 
als, and internal Horn's. 

• Morphisms of T: morphisms of left k(t)[cr, <r _1 ]-modules. 

It is worth noting that Proposition I3.4.7f c) says that the category of t-motives is the 
strictly full Tannakian subcategory of Ji generated by the intersection in D 3 of Ji and 
the image of all Anderson t-motives. 
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3.5. Galois groups of f-motives. Having defined a Tannakian category of i-motives, 
it is now possible to assign to each i-motive a linear algebraic group over ¥ q (t), which 
we call the Galois group of the i-motive. For essential facts about Tannakian categories 
and their associated groups, we refer to [8], [11], [26l App. B]. 

3.5.1. Fiber functors. The functor 

w : T -> Vec(F g (i)) 
M h-> M B 

is the fiber functor of T. For any commutative F 9 (i)-algebra R, we let uj^ r ' : T — > 
Mod(i?) be the extension of w defined by 

u/ R >(M) :=i?® F5 ( t) M B , 

where Mod(i?) is the category of finitely generated left _R-modules. Now fix a i-motive 
M . We let Tm be the strictly full Tannakian subcategory of T generated by M, That 
is, Tm consists of all objects of 7 isomorphic to subquotients of finite direct sums of 
M® u <g> (M v )® v for various u, v. The fiber functor of 7 M is lo m ■ 7 M -> Vec(F ? (i)), 
the restriction of ui to Tm, and similarly we restrict u> M to Tm for an ¥ q (t)-algebra i?. 

3.5.2. Galois groups. As T is a neutral Tannakian category over ¥ q (t), there is an affine 
group scheme IV over ¥ q (t) so that 7 is equivalent to the category Rep(r^, ¥ q (t)) of 
finite dimensional representations of IV over ¥ q (t) : 

7 ps Rep(IV, ¥ g (t)). 

The group T<y is defined to be the group of tensor automorphisms of the fiber functor 
w; that is, if R is any F g (t)-algebra, then 

T 7 (R) = Autf 

Now for any t-motive M, there is a linear algebraic group Tm := over ^q(t) so 
that 7m is equivalent to Rep(TM,¥ q (t)). As such, for any F g (i)-algebra R, Tm{R) = 
Aut® M (u>j^). In this way we find that we have a naturally defined faithful representa- 
tion 

T M ^ GL(M B ) 

over Fg(t), which provides the basis for constructing the equivalence of categories, 

7 M «Rep(r tf) F g (t)). 

The group Tm is called the Galois group of M. Furthermore, there is a surjective group 
homomorphism, 

Tt r M . 

If N is another i-motive in Tm, then there is a natural surjective homomorphism, 
r m ^> Tjv ■ In fJU we will show that Tm can be calculated using systems of cr-semilinear 
equations. For now we will calculate the Galois group of the Carlitz motive C. 

Lemma 3.5.3. For m, n £ Z, 

¥ q (t) if to = n, 
if to ^ n. 



Hom T (C(m),C(n)) = 



Proof. By tensoring with C(— to), we see that Homg-(C(TO), C(n)) = Hom'j(l,C(n — 
m)). Thus it suffices to assume that to = 0. If </> : 1 — > C(n) is a morphism in T, 
then <f> is represented by some a £ k(t) x such that a = a^ 1 ^(i — 0)™. By Lemma I5.3. 51 
this equation has no non-zero solutions a £ k{t) unless n — 0, in which case a can be 
anything in ¥ q (t). □ 
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Theorem 3.5.4. For the Carlitz motive C, there is an isomorphism Tc — G m over 
¥ q (t). 

Proof. It is easy enough to check this theorem directly. However, by Lemma 13.5.31 7c 
is equivalent to a Z-graded category of vector spaces over k(t) with a fiber functor to 
Vec(F g (t)), and so its Galois group is G m over ¥ q (t) [11, Ex. II.2.30]. □ 

4. Galois theory of systems of ct-semilinear equations 

In this section we demonstrate how to calculate the Galois group of a ^-motive as 
the Galois group of a system of difference equations with respect to the automorphism 
a : k(t) — > k(t). These systems of equations and their Galois groups are similar to 
systems of linear differential equations and their Galois groups, and one should compare 
our constructions with [25j Ch. 1], [26] Chs. 1-2], which we have used as guides, as well 
as [4], [6], [10], [18], [20], [24]. For an example of a Galois group of this type in the 
context of i-motives, see also the proof of Prop. 7.1]. 

Van der Put and Singer [SSJ have developed the theory of Picard-Vessiot rings for 
linear difference equations which is quite useful in our context. However, their treat- 
ment generally assumes that the field of constants is algebraically closed. In our case 
the field of constants is ¥ q (t), which presents several difficulties. On the other hand, 
the Picard-Vessiot rings treated in |25] are not always domains, whereas our central 
Picard-Vessiot rings are domains by construction, which provides several benefits for 
the characterization of their Galois groups. It is worth noting that some of what is 
covered here is covered by the theory of Y. Andre [4] , but we present everything from 
scratch for completeness. We thank the referee for making several useful suggestions 
for improving the clarity of this section. 

4.1. Solutions of <7-semilinear equations. 

4.1.1. Fields of definition. Let F C K C L be fields together with an automorphism 
a : L — ► L. We say that the triple (F, K, L) is a-admissible if 

• a restricts to automorphisms of F and K; 

• F = F a =K a = L a ; 

• L is a separable extension of K. 

The primary example of er-admissible fields that we have in mind is 

(F, K ,L) = (¥ q (t) ,fc(t),L), 

with automorphism a defined as in ^2 . 2 . 51 by cr(/) = Z^ 1 '- This example will be 
important for applications to t-motives in £14.51 To see that this triple is a- admissible, 
we know that ¥ q (t) = ¥ q (t) a = k(t) a by definition and that h a = ¥ q (t) by Lemma 13X1 
Also, since L is linearly disjoint from klt 1 ^), it is therefore separable over k(t) [22] Thm. 
26.3]. Henceforth we shall assume that a cr-admissible triple (F, K, L) has been chosen. 

4.1.2. Convention. If p : S — > R is a homomorphism of modules or rings, and B € 
M&t r x S (S), we let p(B) e VIat rxs (i?) be the matrix obtained by applying p to the 
entries of B. 

4.1.3. Definition. Given a matrix <i> £ GL r (i^), we consider vectors tp € Mat rx i(L) 
that satisfy 

a(ip) = $4>- 

In this way, we define a system of a-semilinear equations, and tp is a solution. The set 
of solutions 

Sol($) := € Mat rxl (£) | a(ip) = <S>*p} 
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is an F-vector space. 

Lemma 4.1.4. Let $ G GL r (K). Suppose that ipi, . . . ,ip m G Sol(<f>) are linearly inde- 
pendent over F. Then they are linearly independent over L. 

Proof. The proof is in the same spirit as the one for Lemma l3.3.7i and we omit it. □ 

Corollary 4.1.5. Let $ G M&t r (K). Then Sol(<i>) is an F-vector space of dimension 
at most r. 

4.1.6. Fundamental matrix of solutions. Given $ G Gh r (K), suppose ^ G GL r (L) 
satisfies 

cr('i') = 

Then by Lemma [4. 1 .41 and Corollary 14. 1.51 the columns of iff form an F-basis for Sol(<i>). 
The matrix iff is called a fundamental matrix for It is useful to note that iff' G GL r (L) 
is another fundamental matrix for <!> if and only if iff~ 1 iff' is fixed by a. That is, if and 
only if = *<5 for some 8 G GL r (F). 

4.2. The difference Galois group. Throughout this section we fix $ G GL r (K ) and 
suppose that iff G GL r (L) is a fundamental matrix for $ with respect to our er-admissible 
triple (F,K,L). 

For a ring R, we let GL r / R denote the i?-group scheme of r x r invertible matrices. Its 
coordinate ring is R[X, 1/ det A], where A = (A^) is an r x r matrix of independent 
variables. If S is an i?-algebra, we will as usual let GL r {S) denote the group of S- 
rational points on GL r /jj.. For any i?-scheme Z, we let Zs ■= S Xr Z be its base 
extension to an ^-scheme. 

4.2.1. Construction ofT. We define a F-algebramap v : K[X, 1/ det A*] — * L by setting 
v(Xtj) := We let 

p:=kerz/, E := imu = K[$f, l/det*] C L. 

We let A be the fraction field of E. Finally, we let Z = SpecE. In this way Z is the 
small closed subscheme of GL r /K such that iff G Z(L). 

Now set ^2 G GL r (L <E>k L) to be the matrices such that (iffi)ij = ^ij ® 1 and 
{^ 2 )ij = I® and let $ := * 1 " 1 * 2 G GL r (L ®k L). We define an F-algebra map 
fi : F[X,l/detX] L® K Lby fi(Xij) = We let 

q := ker /i, A := im /i, 

and finally we set T = Spec A. In this way T is the smallest closed subscheme of GL r / F 
such that $ G r(L L). If we wish denote the dependence on iff, we will write Zy 
and for these spaces. 

Among other things, we will see in Theorem 14.2.111 that T is a closed subgroup of 
GL r /^ and that Z is a T^-torsor under right-multiplication. 

4.2.2. The automorphisms <r and <j\. We define a natural crdinear automorphisms 

<r ,CTi : L[X, 1/detX] -> L[A, 1/ det A], 

by setting eroA := X and e^A := $A. We note that <To restricts to an automorphism 
of R[X, 1/ det A] for any F-subalgebra R of L, and that cr\ induces automorphisms of 
K[X, 1/ det A] and E[A, 1/ det A] . We see that 



er q = q, erxp = p. 
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The first equality is clear since q C F[X, 1/ det X]. For the second, we note that for 
h{X) € K[X,l/detX], we have tr x (h)(X) = tr (h)($X), and so 

(Ji{h){%) = *o(h)(*V) = cr (h)(a(V)) = a(h(^)). 

Thus, crip = p. This equality implies further that va% = av. The following lemma pro- 
vides a correspondence between the contraction and extension of ideals in L[X, 1 / det X] . 
See also [25J Lem. 1.23]. 

Lemma 4.2.3. The functions between sets of ideals, 

{aC F[X,l/detX]} < — > {fa C L[X, 1/ detX] | er fa = fa}, 

(a) 

br\F[X,l/detX] <- fa 

are bijections. 

Proof. Since <x is trivial on F[X, 1/detX] C 1/ detX], these maps are well- 

defined. One knows already that (a)DF[X, 1 / det X] = a for all ideals a C F[X, 1 / det X] 
(see [31 §VII.ll]). Now let fa C L[X,l/ detX] be an ideal with er fa = fa, and let 
a := fa n F[X, 1/ detX]. Letting {gt}i£i be an F-basis of F[X, 1/detX], we have that 
{gt}i£i is an L-basis of L[X, 1/ det X]. For h £ fa we write h = J] 6^, 6j € L, and we 
let be the number of i £ I for which bi 7^ 0. We show that h £ (a) by induction 
on 1(h). If 1(h) = the result is clear. If 1(h) = 1, then h = bg for some b £ L x and 
g € {.9i}. Moreover, then 5 € a. Now suppose that 1(h) > 1. By multiplying by an 
element of L we can assume that bi 1 = 1 and that bi 2 £ L\F for some 11,12 G I- (If all 
b, G F, then /i S a.) One sees that 

l(cr h-h) < 1(h), 

and since cr fa = fa, we have cr^h — h £ fa. Therefore, cro(h) — h £ (a). Similarly, 
(T$(b~^h) — b^ 2 h £ (a). However, 

HK 1 ) - K l ) h = (MK'h) - b£h) - a(b£) ■ (a h - h). 
The left-hand side is non-zero, and the right-hand side is in (a). Therefore h £ (a). □ 

Proposition 4.2.4. Define a morphism of affine L-schemes <fi := Zl — > GL r /^ so 
t/iai on points u i— » /or it G %(L). Then <fi factors through an isomorphism 

4>' : — > 0/ affine L-schemes. 

Proof. For commutative rings R C S and for any ideal J in i?[X, 1/ detX], we let 
denote its extension to S^X, 1/detX]. Now the ideal p C K [X, 1/ detX] is the defining 
ideal of the i^-scheme Z, and q C F[X, 1/ det X] is the defining ideal of of the F-scheme 
T. If we set 

a : L[X,l/detX] -> L[Jf, 1/detX], 

to be the L-algebra homomorphism determined by setting a(X) = ty~ 1 X, then the 
map 

a : L[X,l/detX] -> L[X,l/detX] / p L , 
induced by a, is the map <f> on the level of coordinate rings. It then suffices to prove 
that q^ — a _1 pj> 

As noted in i j4.2.21 we have that cr q L = q L and <r 1 p L = p L . Furthermore, 
a x aX = a^^X) = (a^)- x ((TiX) = = aer Q X, 

and so <J\(x = aero, which implies that 

(Taa~ 1 p L = a~ 1 p L . 
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By Lemma 14.2.31 it follows that a _1 pL is generated by a _1 pL H F[X, 1/ detX]. 

Now we regard L ®k L as an L-algebra through the map / i— > / <8> 1. If we let /2 : 
1/ detX] — > L®k L be the unique L-algebra homomorphism such that /iX = ^>2, 
then we note that the composition 

F[X,l/detX] A L[X, 1/detX] ^L® K L 

is in fact /i. Since L is a field, the map L[X, 1/ detX]/pi — > L ®jf L induced by /i is 
injective. Therefore, 

q = aT 1 p i nF[X, 1/detX], 
and by our argument in the previous paragraph, c\l — a pi,. D 

Corollary 4.2.5. TTie idea? p C if [X, 1/ detX] is maximal among proper <j\ -invariant 
ideals. 

Proof. Let m 2 P be a proper ideal of K[X, 1/ detX] such that o^m C m. Because 
K [X, 1/ detX] is noetherian, it follows that a^m = m. Now a^m^ 3 ct x pL = 1l, 
and we see easily that <T a _1 mL = a _1 niL. Therefore, by Lemma 14.2.31 

a _l m L = (a-VnFll.l/detl])!. 

Let a C F[X, 1/detX] be a maximal ideal that contains a _1 nii n F[X, 1/ detX], 
and let £ := -F[X, 1/ detX]/o, which is a finite extension of F. By Lemma 14.2.31 
we see that o = aj, H F[X, 1/detX], and it follows that there is an isomorphism (3 : 
L[X, 1/ det X]/aL — » L ®f E. Now if we consider the maps 

n : L[X,l/detX] °C L[X, 1/ detX] 

we see that mi C ker II. If we let tt : K[X, 1 / det X] ^ L®p E he the restriction of LT, 
then easily m C ker7r and ker7r is a proper ideal. Moreover, since or x (j\ = <t Q! _1 , it 
follows that ker7r is a eri-invariant ideal of K[X, 1/ detX}. Therefore, the maximality 
of m implies that m = ker7r. 

Now let £ GL r (L ® F E) be defined by = 7r(X y ). The automorphism a on L 
extends to an automorphism of L ®f E by acting by the identity on E, and it is easily 
seen that (L ®p E) a — E. In this way — and this implies that the matrix 

8 := (\I r/ )~ 1 \f r £ GL r (E). Now 8 induces an automorphism on (K <g) F E)[X, 1/detX] 
via 

S-h(X) := h(X8). 

If we extend tt to tt' : (K ®p E) [X, 1 / det X] — » L <g) p E by the identity on 2?, then we 
see that we have the extended ideals 

Pk® f e = P®f E Cm® F E Q kerV = 8 ■ (p ® F E). 

But (K ®p E) [X, 1 / det X] is a noetherian ring, and so p ®p E C 5 • (p® f £) implies 
that p ® F E = 8 ■ (p ® F E). Thus, 

p® F E = m® F E = 8 ■ {p® F E). 

Now (if (g) F £7) [X, 1/ det X] is a free if [X, 1/ detX]-module, since i? is a vector space 
over F, and is therefore faithfully flat over K[X,1/ detX]. So by intersecting with 
if [X, 1/detX] we see that p = m (see (221 Thm. 7.5]). □ 
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4.2.6. Contracted ideals of ELY, 1/detY]. The following lemma is a companion to 
Lemma 14.2.31 and relies on the preceding corollary. See also [25l Lem. 1.11]. 

Lemma 4.2.7. Let b C E [Y, 1 / det X] be an ideal that is (T^-invariant. Then b is 
generated by b n PLY, 1/ det X] . 

Proof. Let a := b n F[X, 1/detX]. Let {g t } ieI be an P-basis for F[X, 1/detX] such 
that I = I a U p, where {<?i}ie.r a is an P-basis for a. Choose a subset J Q I\ minimal 
so that b R J2i£j Eft contains a non-zero element of b/(a). Pick j <G J, and let 

m := {b G E | 3£ 1£J e b/(o), 6,- = 6} 

Since crob = b, and since each gi is fixed by <To, it follows that m is a non-zero o~- 
invariant ideal of E. However, by Corollary 14.2.51 E has no cr-invariant ideals other 
than {0} and E. Thus, m — E. Therefore there exists h £ b so that h = J2i£jbi9i 
mod (a) and bj = 1. Now <x (ft.) — h is supported on a proper subset of J modulo (a), 
and so it must be modulo (a) by the minimality of J. Therefore each bi G P, and 
thus ^2 i( zjbigi £ (a), which is a contradiction. □ 

Proposition 4.2.8. Define a morphism of affine K-schemes i/i:ZxZ->Zx GL r i K 
so that on points (u,v) i— > (u, u~ l v) for u, v G Z{K). Then tp factors through an 
isomorphism Z x Z — > Z x r# of affine K-schemes. 

Proof. Again we work on the level of coordinate rings and maintain conventions and 
definitions in the proof of Proposition I4.2.41 The ring E C L is isomorphic to the 
coordinate ring of Z over K. Likewise, the ring ELY, 1/ dctX]/ps is the coordinate 
ring of Z x Z, and ELY, 1/ detX]/qs is the coordinate ring of Z x T^-. The P-algebra 
automorphism a in the proof of the previous proposition restricts to an automorphism 
of ELY, 1/det X], and in this way the homomorphism 

a: ELY, 1/det Y] -> ELY, 1/det Y] / p s 

induced by a represents the morphism -0 of affine P-schemes. We then need to show 
that qs = a _1 ps- 

Let o = a _1 p s n PLY, 1/ det Y] . By Lemma 14X71 

a _1 p s = a s . 

Then as in the proof of Proposition 14 . 2 . 41 = a~ 1 pL and both are now equal to Ol. 
Since q and a are both ideals in PLY, 1/det Y] and P and L are fields, it follows that 
q = a. ' □ 

Lemma 4.2.9. Let G be a group, and let A and B be subsets of G, A non-empty, such 
that the map 

(u, v) i ► (u, u~ 1 v) : A x A — > A x G 

factors through a bijection (j):AxA^AxB. Then B is a subgroup of G and A is 
stable under right-multiplication by elements of B. Moreover, under the action of B by 
right-multiplication, A becomes a principal homogeneous space for B. 

Proof. This is a simple exercise. □ 

4.2.10. The Galois group T. The previous propositions and lemmas culminate in the 
following theorem, saying that T is in fact an affine group scheme. We call the group 
r, or if we wish to recall the dependence on 'J, the Galois group of the system 
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Theorem 4.2.11. Let (F, K, L) be a a -admissible triple for an automorphism a : L — > 
L. Suppose we have $ G GL r (K) and * G GL r (L) so that ct(\1>) = . TTien T := 
is a closed F -subgroup scheme of Gh r /p, and the closed K-subscheme Z := Zq, of 
&L r /K is stable under right- multiplication by T k and is a T K-torsor. 

Proof. Since Z(E) is non-empty, Propositions I4.2l4l and 14.2.81 imply that (u,v) i— > 
(u^^v) : Z(S) x Z(S) -> Z(E) x r(E) is a bijection. Lemma 11X91 and the Yoneda 
lemma (32j §1.2-1.4] imply that Ts is a subgroup of GL r /£ and that Z^ is a T^-torsor. 
Since the inclusion F — > S is faithfully flat, we see that T is a closed F-subgroup 
scheme of GL r /p by flat descent [551 §17.1-17.3]. Similarly, since the inclusion K — > E 
is faithfully fiat, Z admits the structure of a T^-torsor. □ 

4.3. Criterion for smoothness. We continue with the notation of the previous sec- 
tion, and in particular have fixed a er-admissible triple (F, K, L) together with $ G 
GL r (K), ^ £ GL r (L) satisfying a(^) = $5'. In this section, we explore when T is 
smooth over F, that is, when the coordinate ring of T-p is reduced. 

Theorem 4.3.1. Suppose K is algebraically closed in the fraction field A o/E. Then 

(a) The K-scheme Z is absolutely irreducible and is smooth over K . 

(b) The F -scheme T is absolutely irreducible and is smooth over F. 

(c) The dimension ofT over F is equal to the transcendence degree of A over K. 

Proof. The ideal p C K[X, 1/ detX] is prime. The field A is separable over K, since 
it is a subfield of L. That K is algebraically closed in A then implies that p-^ C 
K[X, 1/detX] is prime 34, VII.ll, Thm. 39]. Thus Z is smooth over K. Because 
= Zj(, r must be smooth over F. By construction the transcendence degree of A 
over K is equal to the dimension of Z, which is equal to the dimension of T. □ 

4.3.2. The case (¥ q (t), k(t), L). This case is of particular interest to our applications to 
t-motives. It turns out that in this case, all Galois groups are smooth, via the following 
proposition. We continue with our usual notation. 

Proposition 4.3.3. Suppose (F,K,L) = (¥ q (t),k(t),h), and suppose that® € GL r (fc(i)) 
and * G GL r (L) satisfy vj/t- 1 ) = Then k(t) is algebraically closed in A = £(*)(*). 

Proof. Let / e An k(t), and consider the field H := k(t; / w : % G Z) obtained by 
adjoining all of the twists of / to k(t). Each f"> is algebraic over k(t), and so H/k(t) is 
algebraic. Since A is finitely generated as a field over k(t), so is H. Thus [H : k(t)] < oo. 
Furthermore, H is invariant under a and er -1 . 

The field H is the function field of a smooth projective curve X over k, and the 
inclusion k(t) C H provides a surjective morphism X — > Pi over fc. Now cr : H — * 
induces an automorphism t : I -> I as a scheme over F 5 . Because cr leaves the 
integral closure of fc[t] in H invariant, the points ooi, . . . , oo^ in X above the point oo 
in Pi are permuted by a. Thus we can construct an effective divisor I oi X such that 
r(7) = I and Supp(J) = {ooi, . . . , oo^}. Now for N > 1 sufficiently large, the field H 
is generated over k(t) by the functions in the finite dimensional k- vector space 

S := T{X,N ■ J) C H. 

By our assumptions on /, this space is invariant under a and cr -1 . If the entries of 
f := [/i, . . . , / m ] tr form a fc-basis for S, then there is a matrix A G GL m (fe) so that 
cr(f) = Af. If g G Mat mx i(5) and g = Bi for some B G GL m (fe) , then 

a(g) = B^AB- 1 g. 
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By the theory of Lang isogenies [lj5], we can pick a B £ GL m (k) so that 

B -l B (i) =A (l) : 

and if we let g := Bi, then <r(g) = g. Thus S contains a fc-basis g that is fixed by 
cr, and H = k(t,g). Let g be an entry of g. Then g £ k(t) n L CT = ¥ q (t). Thus 
[H : k(t)\ = 1. □ 

Corollary 4.3.4. Let (F, K, L) = (¥ q (t),k(t), L), and suppose that $ e GL r (fc(t)) and 
^ G GL r (L) satisfy cr(vE') = TVien £/ie Galois group Tof^is smooth over¥ q {t). 

44. The Galois action. In this section we will assume that K is algebraically closed 
in A, and so in particular by Theorem l4.3.1i T-p- and Zjt are reduced and irreducible. 

4.4.1. a -automorphisms of E and A. Let Aut ff (S/if) denote the group of automor- 
phisms of E over K that commute with a. Similarly we define Aut CT (A/ K). In fact, it 
is true that 

Aut CT (E/iT) = Aut ff (A/iT). 
Indeed every automorphism £ e Auto-(£/A") extends uniquely to an automorphism in 
Auto- (A/ K). On the other hand, if r\ £ Aut (T (A/K), then as matrices in Mat r (I/), 
cr(rj(*)) = 7/(cr(*)) = t?($*) = $77(*). Thus, 77(*) = *7 for some 7 € GL r (F), and so 
77(4') G Mat r (E). Therefore 77 restricted to E takes values in E. 

4.4.2. The action ofT(F). For 7 £ T(F), we have an automorphism of AT-schemes 
7 : Z — ► Z defined by right multiplication by 7. On the level of coordinate rings, the 
induced map is 

7 = ^ ft(X 7 )) : S -> E, 

which is a A"-linear automorphism that commutes with the action of a. Thus we have 
a group homomorphism, 

K : T(F) -> Aut CT (A/if), 
which is easily seen to be injective. Now if S £ Aut a (A/ K), then 5 induces an automor- 
phism of the non-empty Z(A) that is right-multiplication by an element of 7 € T(A). 
That 6 commutes with er implies that 7 £ F(A CT ) = T(F). Thus k is an isomorphism. 

4.4.3. Base extensions. Given our u-admissible triple (F, K, L), we choose an extension 
of a to an automorphism of L. Then if is an algebraic extension of F. Indeed, the 
monic irreducible polynomial of any h £ L over L must have coefficients in L a = F . 
Thus if we let F = L , then (F, K, L) is a (7-admissible triple. The Galois group V 
defined by the system a(^) = defined with respect to (F, K, L) is seen to be Ff by 
Propositions 14.2.41 and 14.2.81 If we let E be the coordinate of Z^ and A be its fraction 
field, then we see that 

T(F) = Aut CT (E/F) = Auto- (A/if). 

Furthermore, for n > 1, let F„ = L° , and suppose that (F n , K, L) is ^"-admissible. 
Then '5 is a fundamental matrix for <E>„ := a n ~ l ($)■•• cr(<E»)<I>. Again by Proposi- 
tions 14.2.41 and 14.2.81 we see that the Galois group of this system of equations is T-p n ■ 
And thus, 

r(F„) £* Aut CT «(E/Z) = Auto»(A/^). 

4.4.4. Galois action for T{F). Continuing with the notation of the previous paragraphs, 
suppose that F — UF„. Then every element of T(F) induces an automorphism of A/K 
that commutes with a n for all n ^> 0. In this case, we will call this the induced action 
of T(F) on A. 
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4.4.5. The case (¥ q (t), fc(f),L). It is worth pointing out that the situation is quite nice 
in our usual setting. For n > 1, the triple (F 9 « (t), k(t), L) is cr™-admissible. As in i)2.2.5l 
there is a canonical extension of a to K((t)) D L. Furthermore, we see that 

L CT " = Utf = ^gW" =: P«, 

and so (F„, fc(t),L) is a CT™-admissiblc triple. Every clement of ¥ q (t) is fixed by some 
power of a, and so 

Wqjtj = |J F n . 

n>l 

We now return to the general situation, but it is important to note that the following 
theorem applies to Galois groups in the usual (¥ q (t), k(t), L) setting. 

Theorem 4.4.6. Let $ G GL r (A), one? suppose that \I> € GL r (L) is a fundamental 
matrix for $. Assume that K is algebraically closed in A = A('I'). fix an extension of 

a to L, and let F n := L . Suppose that (F n , K, L) is er™ -admissible for each n > 1, 
tmd suppose that F = UF n . Lei S 6e the coordinate ring of Z-^ and let A be its fraction 
field, both considered subrings of L. 

(a) The subfield of A fixed by T(F) is K. 

(b) The elements of A fixed by T{F) are precisely K. 

Proof. See [25l Lem. 1.28]. Suppose / e A is fixed by Y{F). We consider / e A to be 
a function / : Zj? — > P^. For i = 1,2, we consider the two maps of A-schemes 

9i '■ Z k x r 7T Z K x ^if ^"k" ~* P 7f ' 

where 7Tj is the i-th projection. Because / is r(A)-invariant and because r(F) is dense 
in T-g since T is smooth over F, we must have g\ — g2- Therefore, / o 7Ti = / o tt2, 
which implies that / is constant. This proves part (a). Part (b) follows from part (a) 
and the assumption that K is algebraically closed in A. □ 

4.4.7. Remark. If T(F) is Zariski dense in T, then it follows that A r(i?) = k(t). 

4.5. The group V and t-motives. Given a i-motive M, we defined the Galois group 
Tm of M in i)3.5.21 Associated to M we can also choose a matrix <1> £ GL r (fc(i)) that 
represents multiplication by er on Af. Let \l/ £ GL r (L) be a rigid analytic trivialization 
of $. We will show that Tm is isomorphic to T := over ¥ q (t). 

4.5.1. t-motives and a-semilinear equations. Let M be a i-motive. We fix the following 
notation throughout this section. Let m be a basis for M, and let $ € GL r (fe(f)) 
represent multiplication by er on M. We pick a rigid analytic trivialization W £ GL r (L) 
for M, which is at the same time a fundamental matrix for 

Let M" := M® u (M v ) 8 ". Because T M is Tannakian, if A is any ^-motive in 7 M , 
then A is the subquotient of a direct sum of various M", and vice versa. It follows 
from Propositions 13.3.9T b) and I3.3.11f b) that the entries of a fundamental matrix W jy 
for A are in E, and in fact we can take & GL S (E) for some s. 

For an F 9 (i)-algebra R, we let := R<S>v q (t) s - 

Lemma 4.5.2. For any t-motive N in 7m o,nd ¥ q {t)-algebra R, the natural map, 

«>*,(*) ^ B - a 

is bijective. 
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Proof. Let n be the map defined in the statement of the lemma. Thus as above we can 
pick a basis n for N and a rigid analytic trivialization £ GL S (£) with respect to n. 
By Proposition ^. 3. 9f b). I^n is an F g (<)-basis for N B . Now 1(g) (f^n) is a E (i?) -basis 
of T,^ ®w q {t) N B (here and elsewhere 1 ® A for a matrix A is the matrix of the same 
dimension whose entries are each tensored by 1 on the left). If f £ Mati xs (£( fl )), then 

«((f ® 1) • (1 ® (*^n))) = (f^ 1 ® 1) • (1 ® n). 

The entries of (W^ 1 <8> 1) ■ (1 ® n) are in the image of k, and 

^jv • C*^ 1 <8> 1) • (1 ® n) = 1 ® n. 

Thus k is surjective. Since \I/jv € GL S (£), the map k is bijective. □ 

Theorem 4.5.3. Let M be a t-motive, and let N be a t-motive in 7m- If we consider 
N B to be an algebraic group over ¥ q (t), then there is a natural representation 

£at : T -> GL(N b ) 

over Fg(i) that is functorial in N . 

Proof. Since every t-motive N in 7m is constructed from M via tensor products, duals, 
and subquotients, to define this representation it suffices to define it on M B itself. 
Functoriality in N will be automatic. 

To define the representation on M B , it suffices by the Yoneda lemma [321 §1-2-1.4] 
to define a representation 

£<f :r(R)^GL(R® Fq(t) M B ) 

for every F g (i)-algebra R and show that it is functorial in R. Let R be an F 9 (i)-algebra, 
and let 7 £ T(R). Define 

which is an isomorphism of fc(i)-vector spaces. Now by Lemma r4.5.2l i2®F m M B spans 
M as a £ (fl) -module. Let (7) be the restriction of (7) to ii®F a (t) M B . 
We claim that the imag e of £ (fl) (7) is R ®F a (t) M B . Indeed, since \& 1 m forms an 
F g (i)-basis of M B by Proposition [SX^b), for f € Mati xr (i?), we have 

£ (H) (7) : f • (1 O ^-^m i-> f • 7~ 1 ( 1 <g) *- x )m. 

Thus £^(7) is an i?-linear automorphism of R®w q (t) M B . It is straightforward to check 
that this is construction is functorial in R, and so we have defined a homomorphism 
iw:l >GL(M B ). □ 

Corollary 4.5.4. Let M be a t-motive. The representation £m ■ T — + GL(Af B ) is 
faithful. 

Proof. As defined in the the proof of the previous theorem we see easily that £^ : 
T{R) -> GL(i?(8) F? ( t) Af B ) is injective for all F g (i)-algebras R. □ 

4.5.5. The functor £m- For a i-motive M, if £ GL r (fc(t)) represents multiplication 
by cr on M and if \& S GL r (L) is a rigid analytic trivialization of <E>, then Theorem l4.5.3l 
defines a functor 

Cm :T M ->Rep(r,F,(i)). 
It is straightforward to check that £m is a tensor functor. Let 

mi :Rep(r M ,W q {t))^7 M 
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be the equivalence of categories defined in i j3.5.2l Letting 

F:Rep(r,F g (t))^Vec(F 9 (i)) 

be the forgetful functor, we see immediately that lum — F°£,m- Thus by [HI Cor. II.2.9], 
there is a unique homomorphism %m ■ T — » Tm over ¥ q (t) so that the natural functor 
tm : Rep(rA/,F g (f)) — > Rep(r, F g (i)) induced by 7Tm satisfies 

^Af ° »7Af = t m . 

Proposition 4.5.6. Let M be a t-motive. Suppose that $ G GL r (£;(£)) represents 
multiplication by cr on M and that ^ G GL r (L) is a rigid analytic trivialization for $. 
Then the functor 

6/ :T A/ -Rep(r,F,(i)) 

is /u/Zy faithful. 

Proof. For any £- motives TV and P in Tm, there is a natural isomorphism of ¥ q (t)- 
vector spaces, Homj M (P,N) = HoniT M (1, Hom(P, TV)). Thus it suffices to prove full 
faithfulness when P = 1. Now Hom Tjvf (1, TV) ^ TV n TV B = {n G TV | rrn = n}, and this 
provides an injection Homj A , (1, TV) Homp(l B , 7V B ). 

Conversely suppose that : 1 B — > TV B is a T-morphism. Pick a fe(i)-basis n for 
TV. Then 0(1) = h(*) ■ n for some h(#) G Mati xa (S) by LemmalMH Let E/¥ q (t) 
be a finite extension of fields. We see that for 7 G T(E), the action of C •'(t) := 
£m on ^ ®F»(t) ^ B is simply the restriction of the natural map 5^(7) = 

1(g) 7 : £( £ ) % (t) TV ->■ TV to £7®F,(t) N ®- Since is a F-morphism, it follows 

that £ (£) (7)(<H1)) = 0(1) for all 7 G T(E). Thus, 

h(¥) ■ n = 0(1) = e (B) (7)(0(l)) = h(* 7 ) n, 7 G T(E). 

Because n is a E^-basis of Sfe^ TV, the entries of h(W) must each be fixed 
by every 7 G T(E). By varying over all E/¥ q {t) finite, Theorem 14.4.61 implies that 
h(#) G Mati xs (fe(i)). Thus 0(1) G TV n TV B . □ 

Lemma 4.5.7. Lei $ G GL r (k(t)), and suppose that ^ G GL r (L) is a fundamental 
matrix for <I>. Suppose that W C A® s is a vector subspace over A such that for every 
finite extension of fields E/¥ q (t), 

T(E)-(E® Mt) W)CE® ¥q(t) W. 
Then W has a system of defining equations over k(t). 

Proof. Suppose that W has dimension s— m, and let A(^>) G Mat mxs (A) be a coefficient 
matrix for a system of defining equations for W . By changing the order of the variables 
if necessary, we can use Gaussian elimination on A(*5f) to obtain 

where C(W) G Mat mX ( s -m)(A). Both A{^>) and G(^>) provide coefficient matrices for 
equations for W, and so it suffices to show that C(\l/) has entries in k(t). 

Let E/¥ q (t) be a finite extension of fields. Since E ® F m W is invariant under 
r(TS), it follows that, for every 7 G T(E), the matrix G(\P7 _1 ) is also the coefficient 
matrix of a defining set of equations for E ®F 9 (t) W. Now the columns of the matrix 
[-G(*), I s - m ] tT G Mat mxs (A) form a basis for W. Thus, 

[Im C^- 1 )] • 



-G(M>) 

Is—m 



0, v 7 er(£), 
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and so C(#7) = C(*), V7 £ r(£). After varying over all E/F q (t) finite, it follows 



from Theorem SXH that C(9) £ Mat 



m x (s— m 



)(*(*))■ 



□ 



for some 6 £ GL a (F,(t)) by 



Proposition 4.5.8. Let M 6e a t-motive. Suppose that $ 6 GL r (£;(£)) represents 
multiplication by cr on M and that ^ £ GL r (L) is a rigid analytic trivialization for 
$. For every t-motive N in 7m and every T-subrepresentation V of N B , there is a 
sub-t-motive P C N so that £m(P) = V . 

Proof. Pick a fc(t)-basis n £ Mat sx i for N with crn = $Arn, and let € GL S (L) be a 
rigid analytic trivialization for <J>at. Let v £ Mat 1JX i(A rB ) be an F g (i)-basis for and 
extend v to a basis u of N B , u = [v, w] tr . By Lemma |4~Q1 there is a H(^f) £ GL S (E 
so that u = H($>) ■ n. We note that H($) = 5 
Proposition I3.3.9f b) . 

Let E/¥ q (t) be a finite extension of fields, and let 7 £ T(E). The action of 7 on 
E ® F ( t ) A^ B is given by the restriction of as in the proof of Proposition 14.5.61 to 
N B . Thus, 

C (B) (7)( U ) = ff(*7)n = J ff(* 7 )i/(«')- 1 u. 

Since V is invariant under T, it follows that the upper right v x (s — v) block of 
J ff(*7)i/(*)" 1 is for every 7 e T{E). Let e Mat sx (s _ v) (A) be the s - v 

right-most columns of and consider the subspace W C Mati xs (A), 

W = {x e Mat lxs (A) I x • D($) = 0}. 

By our considerations on H^) at the end of the preceding paragraph, we see from 
Lemma [4.5.71 that W has a set of defining equations over k(t). Thus there is a C £ 
Mat„ xs (fc(t)) of maximal rank so that C ■ D(ty) — 0. Extend C to a matrix £? € 
GL s (fc(t)) such that C forms the top rows of B. Now let n' = B ■ n = [p,q] tr , with 
crn' = i>'n', and let P be the £;(£)-span of p = C ■ n. Then 



= cr(B • n) = cr( J Bff(*)- 1 7J(*)n) = (B • B(W) _1 ) ( • B~ 



By construction, the upper right-hand v X (s — v) block of B ■ H(^) 1 is 0. Thus, 



$ P 

* * 



Since $' e GL S (&(*)), it follows that $ P e GL„(fe(t)). Thus P is a sub-i-motive of 
N. Furthermore, as H^)- 1 = V N 5, S £ GL s (F g (t)), it follows that B ■ BO)" 1 is a 
rigid analytic trivialization of If we set take to be the upper left-hand block of 
B ■ B^) -1 , then is a rigid analytic trivialization for $p. Moreover, it follows that 
P B = V by Proposition GOjlb). □ 

Proposition 4.5.9. Let M be a t-motive. Suppose that $ £ GL r (&(£)) represents 
multiplication by cr on M and that ^ £ GL r (L) is a rigid analytic trivialization for $. 
To every representation W in Rep(r, ¥ q (t)) there is a t-motive N in 7m so that W is 
isomorphic to a subquotient of £m(N). 

Proof. The representation M B is faithful by Corollary 14.5.41 Thus any object in 
Rep(r, F g (t)) is isomorphic to a subquotient of a direct sum of representations of 
the form (Af B )" := {M B )® U ® ((Af B ) v )® 1 '. Since £, M {MJf) = (Af") B ^ (Af B )", the 
proposition follows. □ 
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Theorem 4.5.10. Let M be a t-motive. Suppose that $ £ GL r (k(t)) represents multi- 
plication by cr on M and that ^> £ GL r (L) is a rigid analytic trivialization for $ . Then 
the functor 

6/ :T M ->Rep(r,F 9 (t)) 
is an equivalence of Tannakian categories. Equivalently, the homomorphism ttm : T — > 
Tm is an isomorphism over¥ q (t). 

Proof. By Propositions l4.5.6l and l4.5T8l the map ttm is faithfully flat [HJ Prop. 11.2.21(a)]. 
By Proposition 14.5.91 ttm is a closed immersion [TT] Prop. 11.2.21(b)]. Thus ttm is an 
isomorphism of affine group schemes over ¥ q (t). □ 

4.5.11. Remark. Although we have focused on objects in the category T, the above 
theorem is true (with the same proof) if M is replaced by simply a rigid analytically 
trivial pre-i-motive. 

5. Galois groups and transcendence 

In this section we first recall the linear independence criterion introduced in [2] by 
Anderson, Brownawell, and the author, and one of its applications to i-motives. We 
then link this together with our study of the Galois groups of certain t-motives, whose 
matrices representing multiplication by cr have entries in k[t] and whose fundamental 
matrices have entries in E. These i-motives include as a subset rigid analytically trivial 
Anderson t-motives. In what follows our primary goal will be to consider the fundamen- 
tal matrix \& associated to such a i-motive M and to equate the transcendence degree 
over k of *f?(6) and the dimension of the Galois group of M. 

5.1. Linear independence criterion. 

Theorem 5.1.1 ([2j Thm. 3.1.1]). Let $ £ Mat r (fc[<]) be given such that det $ = 
c(t — 6) s , c £ k , and suppose that ip S Mat rx i(lE) satisfies 

For every p e Mati xr (A:) such that pip(9) = 0, there is a P € Mati X r(fc[i]) 50 that 
P{6) = p and Pip = 0. 

5.1.2. Connection with solutions of a-semilinear equations. At first glance at the above 
theorem, the solutions tp of the cr-semilinear equation associated to $ are quite spe- 
cial in that their entries are assumed to be in E. However, the following proposition 
demonstrates that this situation is not unusual. 

Proposition 5.1.3 ([2] Prop. 3.1.3]). Suppose we are given $ € Mat r (fc[<]) and ip £ 
Mat r xi(T) so that 

det $(0)^0, 4> { - 1) =^j. 
Then we necessarily have ip £ Mat rx i(E). 

5.1.4. Connection with left k[t: cr]-modules. The following is a variation on [5J Prop. 4.4.3] 
with slightly milder hypotheses. We do not assume that the representing matrix $ is 
one directly associated to an Anderson t-motive. However, we do obtain the same 
equality of dimensions (with the same proof). 

Proposition 5.1.5 ([2] Prop. 4.4.3]). Let $ £ MeX r (k[i\) and tp £ Mat rx i(E) be given 
as in Theorem \5.1.1[ Let N be the k[t]-span in E of the entries of tp, and let V be the 
k-span in fcoo of the entries of ip{6). Then rk^ N = dim-£-V r . 



TANNAKIAN DUALITY FOR t-MOTIVES AND CARLITZ LOGARITHMS 



33 



Proof. Let Ni := {P G Mati xr (£;[£]) \ Pip = 0}. We then obtain an exact sequence of 
fc[i]-modules, 

Ni ->• Mat lxr (fc[<]) N -> 0, 

where the second map is given by P <— > Pip. It is easy to check that this is an exact 
sequence of left k[t; <x]-modules. Every fc[t]-basis for Ni can be extended to a basis of 
Matixr(fc[i]), and so the number of fc-lincarly independent relations of fc-linear depen- 
dence among the entries of tp(9) is at least as great as rk^j N%. Thus rk^j t j N > dim^F. 
Moreover, Theorem 15.1.11 implies that every A:-linear relation among the entries of ip(9) 
lifts to a fc[£]-linear relation among the entries of ip. Thus r%r t , N < dirn^V. □ 

5.2. Dimensions and transcendence degrees. 

5.2.1. Rigid analytic trivializations over E. Let M be a i-motive. Suppose that $ G 
QL r {k(t)) n Mat r (fc[t]) represents multiplication by er on M and that det <!> = c(i — #) s , 
c G fe . An important observation is that by Propositions I3.3.9f c) and 15-1 .31 there is a 
rigid analytic trivialization * for $ such that W G GL r (T) n Mat r (E) . 

Theorem 5.2.2. Let M be a t-motive, and let V m be its Galois group. Suppose that 
$ G Gh r (k(t)) n Mat r (fc[t]) represents multiplication by cr on M and that det $ = 

c(t — 9) s . c G k . Let ^ be a rigid analytic trivialization of <& in GL r (T) PI Mat r (E). 
Finally, let L be the subfield of fcoo generated over k by the entries of ^(9). Then 

tr. degj: L — dimTM- 

Proof. By Theorem 14. 5.10[ the groups Tm and are isomorphic. Moreover, by The- 
orem S3H1 their dimension is the same as tr. deg^ t ^ A, where A = k(t)(^>) C L. Now 

let Q = k[9{6)] C L, and let S = fc(t)[*] C A. Then as rings, 

Q S fc^-J/o, S ^k(t)[X i:j ]/b, 

for ideals a and b. For d > 1, let k[Xij]d and ad denote the elements of k[Xij] and 
a of total degree < d, and let Qd Q Q correspond to their quotient. Similarly define 
k(t)[Xij] d , bd, and S d - 

Fix d > 1. Now for any n > 1, the entries of comprise all monomials of 

total degree n in the If ^ is a column of *® n , then = $® n ^. Thus let 

^ G Matjv x i(E) be the column vector whose entries are the concatenation of 1 and 
each of the columns of for n < d. (Here N = {r 2d+2 - l)/(r 2 - 1).) Then if 
<J> G Mat/v(A;[i]) fl GLjv(fc(i)) is the block diagonal matrix 

¥ := [i] e $® r ® ($® 2 ) er2 © . . • ($® d ) ffird , 

it follows that ip 1 = $ ^i. Now it is easy to see that is the fc-span of the columns 
of ip(0) and that Sd is the fc(i)-span of the columns of ip. Since <E> and "0 satisfy the 
hypotheses for Proposition 15.1.51 we see that for all d > 1 , 

dim I Qd = dim I(t) S d . 

Thus the homogenizations of Q and S have the same Hilbert series (see [34j Ch. VII, 
§12]), and so tr. deg^r L = tr. deg^j A. □ 

6. Application to Carlitz logarithms 
6.1. Carlitz logarithms and t-motives. 
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6.1.1. The power series L a . For a £ k with \a\ < \9\ 



9/(9-1) 



, define the power series 



L a (t) —a + Y,- 



^ {t-9i)(t-9i 2 )---(t-e^) 

It is easy to show that L a G T and that moreover, L a (z) converges for all z £ IK with 
Moo < \°L- B y we see that 

L a (0) = log c (a). 

Furthermore, as a power series in T, L a also satisfies the functional equation 

L a 



(6.1.1.1) 



6.1.2. t-motives for Carlitz logarithms. Fix ai, 
i = 1, . . . , r. Set 



<t> := 



,a r ) 



t 



t - 







, a r G k with la; 



<|f| 



9/(9-1) 



for 



(t-6) 1 



*£ _1) (f-0) 



G Mat r+ i(A:[i]). 



Note that $ defines a pre-t-motive X := X(ai, . . . , a r ) that is an extension of l r by 
the Carlitz motive C: 

o->c->x->i r ->o. 

In spite of the restrictions on a%, . . . , a r , we will be able to use the objects X(cti, . . . , a r ) 
to accommodate all Carlitz logarithms using Lemma 16.4.11 



Proposition 6.1.3. Let a%, . . . , ov G k with \oti\ < \0\ 



9/(9-1) 



for i 



1, 



, r. The 



pre-t-motive X — X(cti, . . . , a r ) is a t-motive. 

Proof. We prove first that X is rigid analytically trivial and then that X is an object 
in T. Define 

••• 0" 

QL ai 1 ••• 



# := *(ai,...,a r ) 



o 



G GLy +1 (T) 



It is a simple matter to check that ^> is a rigid analytic trivialization for $ using (|6.1.1.ip . 
We note by Proposition 15.1.31 that the entries of \& are in E. 

Consider the pre-t-motive C ® X . We claim that C X is in the essential image of 
the functor MwM: -> 31 of Theorem l3~4~9l By the definition of the category T 
in ^3.4. 101 it will follow that X is a t-motive. 

Let M := k[t] r+1 with standard fc[t]-basis uiq, . . . , m r . Letting m :— [mi, . . . , m r ] u ' , 
we give M the structure of a left k[t; <x]-module by setting 

erm := (t - 9)$m, 

Now M sits in an exact sequence of left k[t; er]-modules, 

— * C® 2 — > M — ► C — ► 0, 

where C is the Carlitz motive in the category of Anderson t-motives of ^3.4.31 Since 
C and C® are finitely generated as left /c[cr]-modules, so is M, and it follows from 
[2l Prop. 4.3.2] that M is free and finitely generated as a left fc[er]-module. Without 
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much difficulty, one shows that crM = ((t — 9) 2 mo, (t — 9)m\, . . . , (t — 6) 
(t - 6) n M C crM for all n > 2, and M is an Anderson i-motive by ^3.4.11 



m r)k[ t y Thus 
□ 



6.2. The Galois group Tx- We continue with the notations of the previous section, 



including choices of ai, . . . f a r G k with |cKjj < \6\ 



9/(9-1) 



for i = l. 



6.2.1. The group G. Let G be the algebraic subgroup of GL r+ i over ¥ q (t) such that for 
all F g (i)-algebras i?, 



G(R) = 







G GL r+1 (i?) 



we can construct 



6.2.2. Preliminary calculations. We claim that Tx C G. As in 
the coordinate ring as the image of /i : F g (t)[A, 1/ det A] — > Lcg)-^^ L, the F 9 (i)-algebra 

homomorphism that sends A to \& = ^ J~ 1 ^E r 2- As before let q = ker /^,. Direct calculation 
verifies that Xij — Sij € q for all i > 1 and j > 2, where <5y is the usual Kronecker delta. 
Thus, Tx C G. It will be convenient henceforth to label the non-trivial coordinates of 
G C GL r _|_i as Xq 7 . . . , ^C r . 

Because the Carlitz motive C is contained in A, it is an object in Tx, and hence 
there is a surjection tt : Fx G m over F 9 (t) by Theorem 13.5.41 Now under i/ : 
fc(i)[Xo, X^" 1 , Jfi, . . . ,X r ] — > L, which takes A to we have ^(A ) = f2. Thus the 
action of any 7 G rx(F g (t)) on agrees with the action of the Ao-coordinate of 7 on 
Q. That is, the surjection tt coincides with the natural projection on the JTo-coordinate 
of G. Let V be the kernel of tt so that we have an exact sequence of algebraic groups 
over V q (t), 

l^V^Tx^ G m -» 1. 
The group V is a subgroup of the group of unipotent matrices of G, which itself is 
naturally isomorphic to G£- Thus we can think of V C G!^ with coordinates Ai, . . . , X r . 

Proposition 6.2.3. With notation as above, the group V is a linear subspace of G[ 
over ¥g(t). 



Proof. Since Tx is a smooth over ¥ q (t) by Theorem 14.3. 1[ one verifies that the map w 
is surjective on Lie algebras, and hence V is also smooth. Thus it is determined by the 



Because tt is surjective, for any non-zero a G F ? (t), 
Suppose that (j, = [I G V(F g (t)). 



a. 



Zariski closure of F(F 9 (t)) in ( 
we can choose 7 G rx(F g (i)) so that 71(7) 
Then direct calculation gives 7~V7 = [ j 1 G V(¥ q (t)), and thus V(¥ q (t)) is a linear 
subspace of G£(F 9 (£)). Since V is smooth, its dehning equations over ¥ q (t) are linear 
forms in Ai, . . . , X r . These forms can be defined over ¥ q (t) since V is simply a linear 
subspace. 

6.2.4. Defining polynomials for Tx- Because the map Tx G 
over ¥ q (t), Hilbert's Theorem 90 provides an exact sequence 

1 -> V(¥ q (t)) -» rjf (F,(t)) -» G m (F,(t)) 
by [31 §18.5]. Let 6 G ¥ q (t) x \ F g x , and fix a matrix 

60 ... 0" 

61 1 ••• 



□ 

is a smooth morphism 



(6.2.4.1) 



7 = 







1 



e rx(F,(i)) 



One checks that the Zariski closure in Tx of the cyclic group generated by 7 is the line 
in G connecting 7 to the identity matrix. Translating this line by any element of V 
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shows that Tx contains the linear space spanned by V and 7. Since Tx is irreducible 
and of dimension 1 greater than the dimension of V, we see that Tx is this linear 
subspace. Moreover, this implies the following proposition. 

Proposition 6.2.5. Suppose F\, . . . , F s G ¥ q (t)[Xi, . . . , X r ] are linear forms defining 
V, and suppose that 7 € Tx(¥ q (t)) is defined as in (|6.2.4.1| . Then the linear polyno- 
mials in F q (t)[Xo, . . . ,X r ], 

Gi ■= {b - l)Fi - Fi(h, . . . , b r ){X - 1), i=l,...,s, 

are defining polynomials for Tx ■ 

6.3. Linear relations among Carlitz logarithms. 

6.3.1. Defining polynomials for Z . As usual let Z :— Spec E, where \& = ^(ai, . . . , a m ). 
From Proposition 14 . 2 . 8l we see that Z and Tx are isomorphic over k(t). Since Tx is a 
linear space, Z is also a linear space and isomorphic to Tx over k(t). Thus we can pick 



c 



7o ... 0" 
h 1 ••• 



G Z(fc(t)), 



L/r •■• 1J 
and then 

Z(k(t))=C-T x (k(t))- 
It is a simple matter to check that the linear polynomials in k(t)[Xo, . . . , X r ], 

Hi := Gi - X G(/o, . . . , / r )// , i = 1, . . . , a, 

are defining polynomials for 

The following theorems show how the above constructions can be used to characterize 
all fc-linear relations among tt, log c .(ai), . . . ,log c (a r ). 

Theorem 6.3.2. Let ai,...,a r € I* with {a^^ < \9\ q J D [q ^ 1) fori = l,...,r. Let 

X = X(a.i, . . . , a r ) be the associated t-motive. 

(a) Let F — c\X\ + • • • + c r X r , c\, . . . , c r G ¥ q (t), be a defining linear form for V 
so that G = (bo — l)F-F(bi,...,b r ){X - 1), bo,...,b r G ¥ q (t),b <£ ¥ q , is a 
defining polynomial for Tx ■ Then 

r r 

(b (6) Ci(9) Iog (ai) - CiWMO)* = 0. 

i=l i=l 

(b) Every k-linear relation among tt, log c .(ai), . . . ,log c (a r ) is a k-linear combina- 
tion of the relations from part (a). 

(c) Let N be the k-linear span of tt, log c (ai), . . . , log c (a r ). Then dimTx = 
dhn k N. 

Proof. Choose / G k(t) as in §6.3. II so that H := G — fXo is a defining polynomial for 
Z. Then 

(6.3.2.1) H(Q,nL ai ,...,nL ar ) = G(Q, QL ai , . . . , OL a J - /fi = 0. 

We see that 

/(-i)^(-i) = ctG (^ ; ^ Lqi ? . . . ? fiL Qr ) = flG?(t - 6 - l,a { f 1} (t-6),..., (t - (9)) 

+ /n-^(6i,...,6 r )0. 
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The first equality is a consequence of (|6.3.2.ip . and the second follows from direct 
computation. Thus 

(i _ _ / = G (t - 9 - 1, a[- 1] (t-9),..., 4" 1 ) (t - 0)) - F(6i, . . . , 6 r ). 

The right-hand side is a polynomial in k[t], so it follows that / is regular at t = 9. 
Indeed if not, then J*- -1 -* must have a pole at t = , whence / must also have a pole 
at t = Continuing in this way we see that if / has a pole at t = 6, then it must 

have a pole at each t = 6^~ % ', i > 1, which is not possible. By a similar argument we 
deduce that f(~^ is also regular at t = 9. Thus we see that 

r r 

f{9) = -G(-l, 0, . . . , 0)| t=e + Y CiWMO) = - Y <*WM0)- 

t=l i=l 

Equation (|6.3.2.1[) transforms into 

r r 

{b -i)Y °^ L ^ - Y - 1) - = o- 

i=l i=l 

Dividing through by f2 and evaluating at t = 0, we obtain part (a). Part (b) is a 
consequence of (a) and (c), since Fx is a linear space in G over F 9 (t). For part (c), part 
(a) implies that dim^ iV < dim Tx , since the defining polynomials for T x generate a set 
of fc-lincar relations on tt, log c (ai), . . . , log c (a r ) of dimension r + 1 — cYimT x- However, 
dmifcTV > tr. degj: k(n, log c (ai), . . . , log c (a r )) and the latter quantity is dimTA - by 
Theorem □ 

6.3.3. Example. Let £g = 9 ~\/—9, let X be the i-motive X((g) of dimension 2 over k(t), 
and let = \&(Ce). Since Q satisfies <£t(Ce) = 9(g + Q = 0, we see that Q is a t-torsion 
point on the Carlitz module. Moreover, exp c (9log c ((g)) = 0, and one calculates that 

logc(Ce) = ^- 

Thus is 1-dimensional by Theorem 16. 3. 2( c). If we consider the function in T 

T :=tL c .-Co(t-0), 

then T^ 1 ) = T/(t-6). Thus T = //fl for some / € F,[*] by Lemma[3XS Evaluation 
at i = 6 shows that / = — 1 identically. Therefore, Z-q, is defined by 

: Ce(t-9)X a -tX 1 -1 = 0. 

It follows that the defining equation for Tx is 

r x :tx 1 -x + i = 0. 

In the notation of Theorem 16.3.21 we have 

F:=Xi, b :=t + l, 61 := 1 
G := tXi - X + 1, H:=G-fX , f := ( 9 {t - 9) - 1. 

6.4. Algebraic independence of Carlitz logarithms. Before proving the main re- 
sult on Carlitz logarithms, we prove a reduction lemma. 

Lemma 6.4.1. Let A € K x . 7/exp c (A) € A; X , i/ien i/iere is an a E k* with \ct\ < 
an / € F,[0], and an n > 1, so tfiai A = 0"log c (a) + /tt. 
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Proof. Let p = exp c (A), and assume that > |6'|^ <?_1 ' ) . We solve the equation 

€t(x) = 6x + x q = (3; that is, we find the i-division points of j3 on the Carlitz module. 
The Newton polygon for this equation, along with our assumptions on (3, imply that 
any solution a £ fc* of this equation must satisfy \a\ = |/?|^ 9 - Moreover, if for some 
rj £ K we have exp c (77) = a, then 

exp c (0r?) = P = exp c (A). 

If \P\oa < I^IIL^ 9 1 '* ' then a is sufficiently small and we can pick 77 = log c (a). The result 
then follows with n — 1. Otherwise, we continue to take i-division values, and for some 
n > 1, we have £t»(a) = (3 with < for which exp c (6»" log c (a)) = p. □ 

Theorem 6.4.2. Lei Ai, . . . , A r € K satisfy exp c (Ai) £ k for i = 1, . . . ,r. If Ai, . . . , A r 

ore linearly independent over fc, then they are algebraically independent over k. 

Proof. Assume that Ai, . . . , A r are linearly independent over k. By Lemma 16.4. 1[ for 
each Ai we can pick on £ fc* with \(Xi\ x < |#|!^ 9-1 ' > so that the fc-linear span of 
Ai,...,A r is contained in the fc-linear span of 7r, log c (ai ),..., log c (a r ). Let X = 
X(a\, . . . , a r ) be the t-motive associated to these logarithms as in the previous sections, 
and let Tx be its Galois group. Let 

L = fc(7r, log c (ai), . . . ,log c (av)), 

and let 

N = fc-linear span of 7?, log c (ai), . . . , log c (a r ). 

Because Ai, . . . , A r are linearly independent over fc, we see that r < dimfc N < r + 1. 
Theorems 15.2.21 and 16.3.21 imply that 

tr. degj: L = dimTx = dim^ TV. 

If 7r, log c .(ai), . . . , log c (av) are linearly independent over fc, then they are algebraically 
independent over fc, whence the same follows for Ai, . . . , A r since L = k(w, Ai, . . . , A,-). 
If there is a linear dependence among 7?, log c (ai), . . . , log c (av) over fc, then N is equal 
to the fc-span of Ai, . . . , A r and L = fc(Ai, . . . , A r ). Thus in that case Ai, . . . , A r are 
algebraically independent over fc. □ 
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